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Discussion: What Is a Variable?
INTRODUCTION: Someone once referred to variables as the “John Doe’s of mathematics.  In other words, we use variables when we want to talk about a quantity but we don't want to specify a concrete, particular value for it. For instance, I might describe my friend C.P. by saying, “C.P. is so competitive that if a co-worker gets a raise of x dollars, C.P. isn’t satisfies unless his raise is at least 2x dollars.” In other words, we use a variable to give something we want to talk about a temporary name to use as we’re speaking.
Mathematical Example: Suppose we want to express the fact that to compute the square of a number, we multiply the number by itself. We could say: To compute the square of any number x, just multiply x times x.

CLAIM: It is often more convenient to express statements using variables than using ordinary words.

Examples: Try to express the following sentences without using variables.

1.  Find a number x so that 3x + 2 = 23. 

One solution: Find a number with the property that when it is multiplied by 3 and 2 is added to the result, the answer obtained is 23.

Challenge: Can you think of a simpler way to express this statement without using a variable?
2.  For all real numbers a, b, and c,  (a + b) + c = a + (b + c).

Possible answer: No matter what three real numbers you pick, if you compute the sum of the first plus the second and then add on the third, you will get the same result as if you add the first number to the sum of the other two. 

Comment: This answer suggests that the three numbers have to all be different from each other. But because the version with variables says the equation is true for all real numbers, it has to be true even if some of the numbers are the same.

Example: Introduce variables to try to better understand the following sentence:

A function is continuous at a certain point if, and only if, no matter how small an open interval you might take around the value of the function at that point, you can find an open interval around the point itself so that for each number within the interval that you've found, all the values of the function are within the interval that is around the value of the function at that point.

One solution: A function f is continuous at a point a if, and only if, no matter how small an open interval I you might take around f(a), you can find an open interval J around a so that for each number within J all the values of f are within I.

Comment: This is still a very complicated sentence, but giving temporary names to the objects it concerns enables a reader to think of the objects more concretely.

ADDITIONAL NOTES 
The things that give variables meaning in mathematical sentences are the quantifiers “for all” and “there exists”. Thus when we say, “Let y = 2x + 1” or “Consider the function 
y = 2x + 1,” we mean “For each real number x, let y be the real number that is obtained by multiplying x by 2 and adding 1.” And when we say, “Solve 
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,” we mean “Determine whether there exist any numbers x for which 
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, and, if so, find them.”

When all the variables in a sentence are quantified, the variables are no longer mysterious. The problem is that in order to avoid formality and having to write any more words than absolutely necessary, mathematicians have introduced all kinds of conventions (mathematical slang really) whereby it is agreed that in certain contexts variables will be quantified in certain ways. But, as with slang, some people manage to pick up meaning through examples, without explicit instruction. When such people become teachers (not unlikely, since they’re good at the subject), they don’t know any other way to help their students learn to interpret the slang besides using it in context because they’ve never thought about how to express mathematics without it themselves.
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