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Try to classify quantum states of matter

Quantum states of matter:
- gapless states — Very hard beyond 14-1D. | have no clue
- gapped states — A classification maybe possible:

[Gapped Quantum State of Matter}
[

[ | pattern of entanglement

[Symmetry breaking order] [Non—symmetry breaking order}
Group Theory |
need no symmetry | | protected by symmetry
[Long range entangled (topological order)j [Short range entangled (SPT order)j
Tensor category theory? 1989 Group cohomology theory? 2008
Emergent gauge bosons, fermions Boundary with gauge or
Boundary with gravitational anomaly mixed gauge—gravity anomaly

e Group theory classifies 230 crystal orders in 3D space.
e What classifies SPT orders?
e What classifies topological orders?
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What is a gapped state (or a gapped system)

A—>finite gap

It is not just the energy spectrum has a gap. &pie s e 0

|

e We need to take thermal dynamical limit.
- But how to take large-size limit without translation symmetry?

e Gapped state may have gapless boundary.

- Avoid boundary by putting the system on manifold without
boundary, but the definition will depend on “shapes/topologies” of
the manifold.

- How to define gapped state by putting the system on a “ball”?

e Help us to understand what is the input to even define gapped
phases
— Mathematical foundation of gapped phases.
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Def. of gapped liquid phase w/o translation symmetry

e A local Hamiltonian H = 3 Oj; + Ojjx + - -
on graph w/ a shape of a ball.

e A bulk-gapped /ocal Hamiltonian:
Excitations in bulk are all gapped.

N N __distance to boundary
‘<¢grnd|0b|uk Iocal|¢grnd> - <¢exc|ob|uk Iocal|¢exc>| <e €
where |®,c) has an energy less than, say, A/2.

All low energy states are locally indistinguishable in the bulk.

— unique bulk ground state on a “ball”.

Kong-Wen 15
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Def. of gapped liquid phase w/o translation symmetry

e A gapped liquid phase = an equivalent class of sequences of
bulk-gapped local Hamiltonians Hy, with size N, — oo, where the
equivalence relations are generated by
) o~ (LU, (LU i

##

Chen-Gu-Wen, arXiv:1004.3835

b) Hi., ~ Hu, © o TS S
v ™ T 2 T
Hei = =2 5] epli gttt ey
S pasay

Two sequences of Hamiltonians: SLU _ glU _ gLU
HN17 HNQ‘/ HN37 HN47 T
! / / /
H[\[17 H[\[27 HN37 HN47 e
Nk+1 = S/\/k7 s~ 2
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Gapped liquid phases = Topological orders

Even w/o symmetry breaking (H has no symmetry), we can have
e different gapped liquid phases

= different topological orders Wen PRB 40, 7387 (1989)

= different patterns of long range entanglement

- Short-range entanglement (SRE): 8 topological order
= LU equivalent to product state LRE1 |- LRE2

- Long-range entanglement (LRE): = A —
= LU inequivalent to product state 51;;77 o ion

8
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Gapped liquid phases = Topological orders

Even w/o symmetry breaking (H has no symmetry), we can have
e different gapped liquid phases

= different topological orders Wen PRB 40, 7387 (1989)
= different patterns of long range entanglement
|
- Short-range entanglement (SRE): 88 topological order
= LU equivalent to product state LRE1 |- LRE2
- Long-range entanglement (LRE): — -
= LU inequivalent to product state 51;;77 ﬂ;ss?ﬁon
g]

e Counter examples (non-liquid gapped states):
- Landau symmetry breaking state
- 3D layered quantum Hall states

- Haah's 3D cubic-code state
Jeongwan Haah, Phys. Rev. A 83, 042330 (2011) arXiv:1101.1962
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Examples for gapped liquid phases (topological orders)

e Examples:
- Product state (trivial topological order) Hyi = — > o7
- 1+1D p-wave superconductor (fermionic) Kiteav cond-mat/0010440,
- 241D p + ip superconductor (fermionic) Read-Green cond-mat/9906453,
- IQH states (241D fermionic) Klitzing-Dorda-Pepper PRL 45, 494 (80),
- FQH states (2—|—1D fermionic) Tsui-Stormer-Gossard, PRL 48, 1559 (82),
- Chiral-spin liquids (bosonic)
Kalmeyer-Laughlin PRL 59, 2095 (87), Wen-Wilczek-Zee PRB 39, 11413 (89),
A realization by spin-1/2 on Kagome lattice
H=J2014Si"Sj+ 922 00aSi*Sj+ 52 34Si-S;
b =J3>01A4 Gong-Zhu-Balents-Sheng arXiv:1412.1571
- Z>-spin liquid Read-Sachdev PRL 66, 1773 (91), Wen PRB 44, 2664 (91)
- Pfaffian state A(s2- -2-..) [1(z1 — 2)? MooreRead NPB 360, 362 (91)
- SU(2), state V,,—1(z/)V,—2(z))V,=2(2)) Wen PRL 66, 802 (91)
The last two examples are non-abelian with the same non-abelian
statistics: Ising x U(1) or Ising x U?(1).
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Quantitative/macroscopic characterization of topo. orders

We conjectured that topological order can be completely
defined via only two topological properties (at least in 2D):
Wen IJMPB 4, 239 (90); KeskiVakkuri-Wen IJMPB 7, 4227 (93)

(1) Topological ground state degeneracy D,

- degenerate only in size — oo limit a

- robust against any impurities

- depend on topology of space Deg.=1 Deg=D , Deg=D ,
Wen PRB 40, 7387 (89), Wen-Niu PRB 41, 9377 (90)

(2) Non-Abelian goemetric phases of the degenerate ground

state from local and global deformation of space manifold.

- Local deformation detects grav. Chern-Simons term ol % Juzxst w3

- Global deformation of torus: 90° rotation |V, ) — |V.) = S,5|WV3)

S, T generate a rep. of modular group: S = (ST)® = C,C? =1
Wen IJMPB 4, 239 (90); KeskiVakkuri-Wen 1JMPB 7, 4227 (93)
The above properties are robust against any impurities!
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Monoid and group structures of topological orders

e Let Sy.1 ={a,b,c, -} be a set of topologically ordered phases
in d spatial dimensions.
Stacking a-TO state and b-TO state — a ¢-TO state:
aklb=c, ab,ceSy1

a-TO

b-TO

c-TO

e XI make Sy41 a monoid (a group without inverse). Number of the
types of topological excitations N. = N, Np.

e Some topological orders have inverse — invertible topological
orders (iTO) which form an abelian group.

A topological order is invertible iff it has no non-trivial topological
excitations. Kong-Wen arXiv:1405.5858; Freed arXiv:1406.7278

e Examples:
1. 1+1D p-wave SC (fermionic). 2. 2+1D IQH (fermionic).
3. 241D p + ip SC (fermionic). 4. 2+1D Eg QH (bosonic)
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Classification of (potential) invertible topological orders

e Bosonic iTO:
0+1D 1+1D 2+1D 3+1D 4+1D 5+1D 6+1D
0 0 Z g, 0 Zo 0 7® 7
0 0 0 Z Zo 0 0

Kapustin arXiv:1404.6659; Kong-Wen arXiv:1405.5858; Wen arXiv:1506.05768

e Fermionic iTO:
0+1D 1+1D 2+1D 3+1D 4+1D 5+1D 6+1D
Zo  Zapwave Zprip O 0 0 ZoZ
Zo Zo 0 Z 0 0 0
Kapustin-Thorngren-Turzillo-Wang arXiv:1406.7329
Kitaev cond-mat/0010440; Read-Green cond-mat/9906453
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Classification of (potential) invertible topological orders

(Potential) invertible topological orders are classified by
possible gravitational topological terms

e In 241D by possible gravitational Chern-Simons terms el 55 Jue “3,
which not well defined

- Using dws = p1, we define el 55 Jusmows @3 = o155 Jus P wwhich is
well defined only when el % JuiPL = 1 on any closed M*.

- Bosonic: since [,,, p1 =3 x int,, — ¢ = 8 x int.

- Fermionic: since fsp,.nw p1 =48 X int. = ¢c = % X int.
In the above we require the gravitational Chern-Simons terms to
be well defined on any space-time manifolds.

e For condensed matter Hamiltonian systems, we only require the
gravitational Chern-Simons terms to be well defined on
space-time of form M? x S' (mapping torus). In this case:

- Bosonic: since fWNZQ p1 =12 X int.,, > ¢ =2 X int.

(M2x32) P1 = 48 x int., > ¢ = % X int.

- Fermionic: since fsp,.n

Kong-Wen arXiv:1405.5858
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2+1D bosonic topo. orders (up to invertibles) via S, T

Dim of S, T = # of topological types > 1.
e There is a basis such that T is diagonal, S unitary & symmetric

. . i SiSii(Si)*
TU — e27r15,- efzﬂlﬂéij’ Sli > O7 Nllg — Z M — integer Z 0.
, S1

(ST =S8*=¢C, C>=1, Cj=N;.
si: spin of it type of particle. N,’g: fusion coeff. of the particles.
° N,"(j satisfy

i i i _ s kJ_
Nl =N, N =gy, ZN Sijs

n

n
> NENTE =" NN or NiN; = NiNi,

m:l =1
where /,j,---=1,2,--- . n nand the matrix N; is given by
(Ni)j = N/ In fact N” deflnes a charge conjugation i — i:
U = 07
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2+1D bosonic topo. orders (up to invertibles) via S, T

There exist a ¢ (mod 8) to make s; to satisfy the following
conditions:

° N,ij and s; satisfy
Z /\Nﬂ,-jsj =0 mod 1,
j - . il
where Mj; = 6% 3=, My — Mj; = integer, My = 2NN/ + NN/’

e s;, Sj satisfy

SU Z NIJ 27i( SI+SJ_Sk)d

\/Z d?

where d; is the largest eigenvalue of the matrix /V;.

ik -
o Let v, = D2 > ik N d; dye* (575 Then, we also have v; = 0 if
/;é/ andv,—:tllf/—/



2+1D bosonic topo. orders (up to invertibles) via S, T

Wen arXiv:1506.05768 Z16 minimal bosonic topo. orders with a fermion

NCB dy,do, - - - S1,50, " wave func. NC dy, dp, - s1, 82, -+ wave func.
1B 1 0

2B 1,1 0,1 [z — z)? 2B, 1,1 0, -1 TI(z — 7 )?
254 5 17<31 0’% 21314 5 LC% 07*%

3% 1,1,1 01,1 3B, 1,1,1 0,-1,-1

357 LC_%,C% 0’_%’% 358 7 1,<§,<§ 07%’_%

3?/2 11,6 0,5 16 3151/2 11,6 0,3 —16

3%, | LLG 0,3 1% Uptation || 3%3,0 | LLG 0,3 1%

55 | LLG 0,3 1 vy, sU@) || 3%, | LLG 0,l,-%

3?2 1717<21 O’%v% 3“57 2 1*1*4% 07%’*%

452 1,1,1,1 0,0,0, 3 45 1,1,1,1 0,3,3,3%

48 1,1,1,1 0,4, 1,1 48| 1,1,1,1 0,—%,-4,1

45 1,1,1,1 0,4, 4.1 45 1,1,1,1 0,—4,-1,1

45 1,1,1,1 03,31 48, 1,1,1,1 0,-3,-3.1

45P 1,1,1,1 0,0,1,-1 [z — z)* 485 1,1,¢,¢ 0,-1.3.2

By | L1LGG 0, %>~ —% 455 1,1,¢3,¢3 0,5 —2%:%
4806 | L1 G 0,1, L, -2 v _,5u(2); a9 | 1,¢dddddd 0,%,-%,0

s | 16 GGG | 0,-F -2 i | 1GG.G3 | 0881

s | Lag.6.¢ 0,5.%-3 S | LG G 0,-3.-5.3

55 1,1,1,1,1 0,1,1,-1,-1 58 1,1,1,1,1 0,2,2,-2,-2
522 1,1,¢k, ¢k 2 0,014, -31 sgv" 1,1,¢h, ¢k 2 0,0-%,3 1

57, 1,1,¢4,¢k,2 0,0,2,-3, -1 577 1,1,¢k¢k,2 0,0,-%,3,-1
5?6/11 LC&&S,CS@S 0**%7%’ﬁ’*% 5516/11 1&&(3»(3&3 07%77%**ﬁ7%
5% /7 1,2, G3. (B S 17,703 5% 157 | LBl ch | 0B —F -3
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2+1D fermionic topological orders (up to invertibles)

Classified by modular BFC over sRep(Z}).
Lan-Wen arXiv:1507.04673

Nf Stop D? di,do, - - - 51,82, - -
2f 0 2 1,1 0,1 trivial Fo
45 0.5 4 11,11 01,1 -1 Fo@ 28
F 1 1 1 1 2 B
45 0.9276 | 7.2360 1,1,¢3,¢3 0,5, 75, — ¢ Fo® 27145
451/5 0.9276 | 7.2360 1,1,¢,4 0,3, -4, 2 ]-'0®2154/5
4F , | 1.3857 | 13.6568 1,1,¢2,¢2 0,3,-1,1 F(Aq,6)
F 1 1 T 1 1 B
6% 0.7924 6 1,1,1,1,1,1 0, T Fo® 3732
6 0.7924 6 1,1,1,1,1,1 0,1, -1 1 _1°1 Fo®3
o 1 8 L11,1, ¢k 01071, 27 Fo®3E
2— vvvviyzl wivvgvl—fv 156 0 }3/2
6 1 8 1,1,1,1,¢3, ¢ 0,3,01,3 3 Fo®3
0 2752 20702716 16 3/2
6F 1 8 1,1,1,1,¢3,¢3 0,3.0,3, % —15 Fo ®35;/2
6 1 8 L1,1,1,¢}, ¢} 01,01, % % @3,
6f,; | 1.6082 | 18.5016 1,1, ¢, ¢k, ¢¢, ¢ 0,3, &% -1 -35.2 Fo ® 35
6 1.6082 | 18.5916 1,1,¢, ¢k, 2, ¢2 0,3, -5 % & -2 Fo ®3§8/7
64 2.2424 | 44.784 1,1,¢%, ¢%, <o, <o 0,33 %01 primitive
64 2.2424 | 44.784 1,1, ¢34, ¢2o, Choy CTo 0,3, —3:5:0, % Fay.10)
8l 1 8 1,1,1,1,1,1,1,1 o,%,o,%,%ﬁ%,%,—% Fo 42
8y 1 8 1,1,1,1,1,1,1,1 0,3,0,3,-% 1, -4, Fo® 4
8l 1 8 1,1,1,1,1,1,1,1 0,3,0,3, 3, -4, 3, -3 Fo®at,
8l 1 8 1,1,1,1,1,1,1,1 0,3,0,3,3,0,1,0 Fo®4af
F 1 1 1 1 1 11 1 2 7 3 B
8/ | 14276 | 144720 | L1,1,1,6,6,65,03 | 03— ka5 % | Fo®4%g
1 11 1 2 3 7
8F s | 14276 | 144720 | 1,1,1,1,¢3,¢3,¢3,¢d | 0L, -1 L L 2 3T Fo® 485
t




Symmetric gapped liquid phases = enriched topo. order

o A symmetric gapped liquid phase
= a symmetry enriched topological (SET) order
= an equivalent class of gapped quantum states, with symmetric
equivalence relations generated by
a) H ~ (symm.LU)H(symm.LU)t
b) H~ H® Hyi, with Hyi =S1-So+S3-S4+ -+

& R 8Asy-1RE 1
topological order

LRE 1 | LRE 2

sy—-LRE 2 |
SET
sy-LRE 3 |sy-LRE 4

SRE symmetric SRE
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Symmetric gapped liquid phases w/o topo. order

e Gapped liquid phases with symmetry and no topological order
— symmetry protected topological/trivial (SPT) order
(LU)HspT(LU)" ~ Hy; — trivial topological order
(symm.LU)Hsp(symm.LU)" = Hy;i — non-trivial SPT order

& | 8 sy-LRE 1
topological order

LRE I | LRE 2

sy-LRE 2 |
SET
sy-LRE 3 |sy-LRE 4

sy—SRE 1 | sy—SRE 2
SRE SPT

sy—SRE 3 | sy-SRE 4
8 8

Gu-Wen arXiv:0903.1069; Chen-Gu-Wen arXiv:1004.3835

e Examples:
1. Haldane phase of spin-1 chain (bosonic) Haldane 83
2. Topological insulators (fermionic).
2D: Kane-Mele 05; Bernevig-Zhang 06; 3D: Moore-Balents 07; Fu-Kane-Mele 07

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



An SO(3) SPT state in spin-1 chain (Haldane phase)

Affleck-Kennedy-Lieb-Tasaki PRL 59, 799 (1987)
e spin-1 chain — a spin- disordered state:

Hakitr = 31Si - Sis1 + 3(Si - Siv1)?] (+UY; P(S; =0))
not a 50(3) rep. a SO(3) representatlon

-@@—@@—@@—@@—@@-

spin—1/2 spin—1/2 spin-0 + a site
P P ng_ spin— 0

entangled

- If we do not project out the spin-0 state and consider spin-1,0 chaln
— ideal SO(3) SPT state (RG fixed point).  Gu-Wen arXiv:0903.1069

e Degenerate spin-1/2 doublet at each boundary, if we do not break
the SO(3) symmetry.

e The above is a different gapped symmetric phase than the local
singlet state of spin-1,0 chain

(=) =) (=0 =0 (=0

spin—0 a site
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A Z, SPT state on square lattice Chen-Liu-Wen arXiv:1106.4752

e Haldane phase with SO(3) symm.:
spin-1/2 is not a rep. of SO(3)

spin-0 spin—1  spin—1/2 x spin—1/2

e+ 7 — O OO—DOO—DO—D®
one site one site spin—1/2 one site spin—1/2 /
e 2D SPT phase with Z, symm.: pin-12)* LDH—Hd—hch-

one (M PP~
. . site = (D) i HEN
- Physical states on each site: W——®

(spin-3)* = |a) @ [B) @ |y) @ |A) CZ, g% immi

- The ground state wave function: 3 G—pH—D
’\UCZX> = ®all squares(| TTTT> + ‘ Hi@) -q) CP-
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A Z, SPT state on square lattice Chen-Liu-Wen arXiv:1106.4752

e Haldane phase with SO(3) symm.:
spin-1/2 is not a rep. of SO(3)

spin-0 spin—1  spin—1/2 x spin—1/2

o+ 7= H®® OE—OO—DO—DO®

one site one site spin—1/2 one site spin—1/2 /

e 2D SPT phase with Z, symm.: pin-12)* LDH—Hd—hch-
one (M P—pO—D:
| | Site = (H3) HRn
- Physical states on each site: W——®
(soin-p)* =l @ B oe , B T
12 @ @

- The ground state wave function: 4 3 P~
’\UCZX> = Rall squares(| TTTT> + ‘ Hi@)

- The on-site Z> symmetry: (acting on each site |a) ® |3) @ |7) @ |\)):
Uczx = UczUx, Ux = X1XoX3Xe, Ucz = CZ12CZ23CZ34C2y

CZy - |11 = [ 11), [ 1) = [0, [ = [0, [H) = =)
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A Z, SPT state on square lattice Chen-Liu-Wen arXiv:1106.4752

e Haldane phase with SO(3) symm.:
spin-1/2 is not a rep. of SO(3)

spin-0 spin—1  spin—1/2 x spin—1/2

o+ 7= H®® OE—OO—DO—DO®

one site one site spin—1/2 one site spin—1/2 /

e 2D SPT phase with Z, symm.: pin-12)* LDH—Hd—hch-
one (M P—pO—D:
. . Site — D@ m ;
- Physical states on each site: W——®
(soin-p)* =l @ B oe , B T
- The ground state wave function: JONO, O pH—h-
’\UCZX> = Xall squares(| TTTT> + ‘ \L\H,\w)

- The on-site Z> symmetry: (acting on each site |a) ® |3) @ |7) @ |\)):
Uczx = UczUx, Ux = XiXoX3Xa, Ucz = CZ120C2o3C234C241
CZj [ 1) = [0, [t = |10, [ = 1), 1) = =)

- Z> symm. Hamiltonian H = )" H,, Hy = —Xaped Per Pgn Pij Pii,
Xabed = [ T [+ T LD P= [ I + 1 LD (WL
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Edge excitations for the 2D Z, SPT state

e Bulk Hamiltonian H = > " H,, Hp = —Xabed Per Pgn Pij. P,
Xabed = [ T L+ [ LD AL P = [ [+ D
e Edge excitations: gapless or break the Zs Sb—bd—bd-

symmetry, robust against any perturba- @immi
tions that do not break the Z; symmetry.
o Edge effective spin |T) and |]). immi

e Edge eff. Zo symm. : LNIZ2 =11, CZ it ]_[,-)N(,- YT
which cannot be written as Uz, = [[; O;, such as Uz, =[] X;.
Not an on-site symmetry!

e Edge effective Ham. (c = 1 gapless if the Z> is not broken)
H="(=JZ:Zisa + BAK + Zi 1% Zin] + BV — 21 Vi 2]

H=> (Xi+Zi1XiZiy1) dual to H == (XiXis1 + YiYip1)

e Non-on-site 022 — anomalous symmetry. Not gaugable.

On-site Uz, — anomaly-free symm. — the usual global symm.
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Field theory for edge of the 2+1D Z, SPT state

e The primary field of U(1) current algebra V; ,, has dimensions
2 B 2
(e, hu) = (525, E5m0),
e The Z, symmetry action V), — (—)"™V, ,

e Edge effective (chiral boson) theory: Chen-Wen arXiv:1206.3117
1 1
Eedge = _E(8x¢18t¢2 + 8x</)28t¢1) - E V(ax¢1ax¢l + 8x¢20x¢2)

where ¢1 ~ ¢1 + 27, ¢ ~ P + 2.

e Z, symmetry = (¢1, ¢2) — (¢2, ¢1)
e Choose ¢+ = ¢1 £ ¢ (Under Zp: ¢ — +o+1)

1 1
Letge = — 5 (0x040e0s — 0x0-0e0-) = 5 - VI[(0:0+) + (0:x0-)7]

¢ right movers with no Z> charge. ¢_ left movers with Z> charge.
e The 141D theory has a Z> anomaly
— It is the edge of a 2+1D Z, SPT state.

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



Non-linear o-model (NLoM) for generic SPT states

e Consider an d + 1D system: S = [ d?xdt $|g_1(x)8g(x) 2,
Symmetry g(x) — hg(x). h, g are unitary matrices in G.

e )\ is small — the ground state is ordered (g(x,t)) = go.
A is large — the ground state is disordered (g(x,t)) = 0.

e The fixed point action of the disordered phases:
Under RG, A — oo — the disordered symmetric phase is described
by a fixed point theory Sfieq = 0 or e fed = 1.
All correlations are short ranged. All excitations are gapped.

e We thought that the disordered ground states are trivial,

no excitations at low energies.

But the disordered ground states can be non-trivial: they can
belong to different phases, even without symmetry breaking.
— the notions of topological orders and SPT orders.
Chen-Gu-Liu-Wen arXiv:1106.4772 1
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NLoM with topological terms

Different disordered phases can arise from NLoM with different
topological terms.
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NLoM with topological terms

Different disordered phases can arise from NLoM with different
topological terms.

e Another G symmetric system
S = [ dxde( g 0gl? + 2mi W 1op
where Wg_top[g(xi, t)] is a topological term.

e The topo. term W op[g(x', t)] can appear if m441(G) # 0.
Example 1: 0+ 1D with G = U; = St(g=e'?), m(lU) =7
Wetop = —k5-g 10:g = ki, k € L.
| dt We.rop = kx winding number.

Example 2: 2 + 1D with G = SU, = S3, m3(SUs) = 7Z

We-top = kg (16 1 0,8) (1871 0vg) (1871 008), k € L.
[ dtd®x W = kx winding number.

e The topological term has no dynamical effect ¢ fxed = 1,
but can give rise to different symmetric phases classified by k
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Fixed-point eff. Lagrangian for symmetric phases

e If )\ is large — disordered state.
Under RG, A\ — oo — disordered symmetric ground state is
described by a low energy fixed-point theory Sfixeq = 271 [ Wo top
— topological non-linear c-model with pure topological term.
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Fixed-point eff. Lagrangian for symmetric phases

e If )\ is large — disordered state.
Under RG, A\ — oo — disordered symmetric ground state is
described by a low energy fixed-point theory Sfixeq = 271 [ Wo top
— topological non-linear c-model with pure topological term.

e Fixed point theories (27-quantized topological terms) <>
symmetric phases:
The symmetric phases are classified by different 2w-quantized
topological terms (Hom(7rd+1(G)7 Z) linear maps 7q411(G) — Z)
Ex. S =271 [ Weop = 24 L [(ig~tdg)3, keZ
Hom(7411(G), Z) = {k}.
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Fixed-point eff. Lagrangian for symmetric phases

e If )\ is large — disordered state.
Under RG, A\ — oo — disordered symmetric ground state is
described by a low energy fixed-point theory Sfixeq = 271 [ Wo top
— topological non-linear c-model with pure topological term.

e Fixed point theories (27-quantized topological terms) <>
symmetric phases:
The symmetric phases are classified by different 2w-quantized
topological terms (Hom(7rd+1(G)7 Z) linear maps 7q411(G) — Z)
Ex. S =271 [ Weop = 24 L [(ig~tdg)3, keZ
Hom(7411(G), Z) = {k}.

e Hom(7y,1(G),Z) is wrong. The right answer is 79*1(G, Uy).
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Fixed-point eff. Lagrangian for symmetric phases

e If )\ is large — disordered state.
Under RG, A\ — oo — disordered symmetric ground state is
described by a low energy fixed-point theory Sfixeq = 271 [ Wo top
— topological non-linear c-model with pure topological term.

e Fixed point theories (27-quantized topological terms) <>
symmetric phases:
The symmetric phases are classified by different 2w-quantized
topological terms (Hom(7rd+1(G)7 Z) linear maps 7q411(G) — Z)
Ex. S =271 [ Weop = 24 L [(ig~tdg)3, keZ
Hom(mq1(G), Z) = {k}.

e Hom(7y,1(G),Z) is wrong. The right answer is 79*1(G, Uy).

e In the A — oo limit, g(x', t) is not a continuous function. The
mapping classes 7411(G) does not make sense. The above result
is not valid. However, the idea is OK.
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Fixed-point eff. Lagrangian for symmetric phases

e If )\ is large — disordered state.
Under RG, A\ — oo — disordered symmetric ground state is
described by a low energy fixed-point theory Sfixeq = 271 [ Wo top
— topological non-linear c-model with pure topological term.

e Fixed point theories (27-quantized topological terms) <>
symmetric phases:
The symmetric phases are classified by different 2w-quantized
topological terms (Hom(7rd+1(G)7 Z) linear maps 7q411(G) — Z)
Ex. S =271 [ Weop = 2{;2 [(ig7tdg)®, keZ
Hom(mq1(G), Z) = {k}.

e Hom(7y,1(G),Z) is wrong. The right answer is 79*1(G, Uy).

e In the A — oo limit, g(x', t) is not a continuous function. The
mapping classes 7411(G) does not make sense. The above result
is not valid. However, the idea is OK.

e Can we define topological terms and topological non-linear
o-models when space-time is a discrete lattice?
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NLoM on 141D space-time lattice

e Path integral on 1+1D space-time lattice with branching structure:
75 o Sijk . .
€ *HV2 (glagj7gk)7

where v°ik(g;, gj, gk) = e Jat and Sijk = 1, %
e The above defines a
LNoM with target
space G on 1+1D
space-time lattice.

space—time

e The NLoM will have a symmetry G if g € G and
v2(8i, gj» k) = va(hgi, hgj, hgi), he G
e The above is the lattice version of NLaM field theory:

1, _
L= Xlg Log|?,  symm. h: g(x) — hg(x)
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Topo. term and topo. NLoM on space-time lattice

e v(gi. g, gk) give rise to a topological NLoM if 5

e~ = [ (g;, g, gk) = 1 on any sphere,
including a tetrahedron (simplest sphere).

&

.V(ghgjagk)eul g1 g2

e On a tetrahedron — 2-cocycle condition
va(g1, 8, 83)v2(80, 81, 83)v ' (80, 82, 83)v ' (&0, 81, 82) = 1

The solutions of the above equation are called group cocycle.
e The 2-cocycle condition has many solutions:
B1(g1,82)51(80,81)

v2(80,81,82) and  2(go, 81, 82) = v2(80, 81, 82) G gy o) €
both cocycles. We say v, ~ i, ( equivalent).

e The set of the equivalent classes of 1, is denoted as

H?(G, Uy) = mo(space of the solutions).

e H?(G, U;) (— topo. terms) describes 1+1D SPT phases
protected by G.
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Group cohomology H9[G, U] in any dimensions

e d-Cochain: U; valued function of d + 1 variables
va(go, .-y 84) = v4(ggo, --., 884) € Ui, — on-site G -symmetry
e 0-map: vy with d 4 1 variables — (6yd) with d + 2 variables
(0v4)(g0, ---> 8d+1) Hl/d (805, 8iy - Bd+1)
e Cocycles = cochains that satlsfy
(ovq)(go, .-, 84+1) = 1.
e Equivalence relation generated by any d — 1-cochain:
Vd(8o; -+ 8d) ~ Vd(8o, ---, 84)(08d—1)(&o; -+ &d)

e 7971(G, Uy) is the equivalence class of cocycles v.

d + 1D lattice topological NLocMs with symmetry G in are
classified by HdH(G, Ur):

S d+1
Hyd+]_ glagja"')a Vd-‘rl(gngla"'agd-i-l) ceH (G/ Ul)



Topological invariance in topological NLoMs
8o g3 8o 3
8o & 8o 82 N
RCANCANSNY N 0N
81 g3 81 83 81

81

As we change the space-time lattice,
the action amplitude e does not change:

va(go, 81, 82)V5 * (&1, &2, 83) = va(go, &1, 83)5 (80, &2, &3)

va(go, 81, 82)V5 (&1, &2, 83)v2(80, 82, &3) = v2(g0, &1, &3)
as implied by the cocycle condition:
v2(81, 82, 83)v2(80. 81, 83)v5 ' (80: 82, 83)V5 (80, 81, &2) = 1

The topological NLoM is a RG fixed-point.
e What is the ground state wave function of the topological NLoM?

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



The NLoM ground state is short-range entangled

88,

The ground state wave function V({g;}) = [[; »2(gi, gi+1.87)
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The NLoM ground state is short-range entangled

88,

The ground state wave function V({g;}) = [[; »2(gi, gi+1.87)
e It is symmetric under the G-transformation
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The NLoM ground state is short-range entangled

88,

The ground state wave function V({g;}) = [[; »2(gi, gi+1.87)
e It is symmetric under the G-transformation

e It is equivalent to a product state |Wo) = ©; > |gi) under a LU
transformation (note that Wo({g;}) = 1)

V({g}) = [] wleig1.8%) [ valeigir1,e")Vo({ai})

i=even i=odd
I R

(| \
= ##### Wo({gi}) — Short-range entangled

The ground state is symmetric with a trivial topo. order
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The NLoM defined by v4.1 has no topological order

Does the partition function Z[M?+1] have any no trivial

dependence on the “shape” or topology of the space-time manifold
Md+l?

Z[Md+1] = Z H V(sfoﬁlfl 80,81,82, ) = |G‘NV
{&i}
for any space-time manifold M9*! obtained by gluing S9*!’s.

ey

No topological order (?)
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SPT phases from H9™(G, U;)  Chen-Gu-Liv-Wen arXiv:1106.4772
| Symmetry G “d:O[d:l[ d=2 [ d=3 ‘ e

Ui x Z) (top. ins.) Z Z2 (0) | Za (22) | 75 (Z2)
Uy x ZJ x trans 7 ZxZy | ZxZ3 | ZxZ8
Us x Z7 (spin sys.) 0 VZ; 0 73
Up x Z x trans 0 73 73 73
Z;) (top. SC) 0 Z> (Z) | 0(0) | Z2(0)
Z) x trans 0 Zo 73 73
Us Z 0 7 0
Ur x trans 7 7 72 z*
Zn Zn 0 Zon 0
Zn X Z, /s Zn 73 /s
Zy X Zy X Zy z3 z3 z! 78
Doy = Zo X Zo X Z3 73 Z4 Z3 73
SU(2) 0 0 Z 0
S0O(3) (spin sys.) 0 Zo Z 0
S0(3) x Z; (spin sys.) 0 73 Za 73
“ZJ " time reversal, 821 opological order  8ASY-LRE I|sY-LRE2 | SET orders
m " . (tensor category) |— intrinsic topo. order — ((NSOr category
trans”: translation, LRE 1 ‘ p—— SB-LRE 1| sB-LRE 2 w/ symmetry)

symmetry breaking

0 — only trivial phase.
M P SB-SRE2 (group theory)

(7Z>) — free fermion result

SB-SRE 1

SY-SRE1 | SY-SRE2 SPT orderes

A theory for symmetry protected topological order
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Universal probe for SPT orders

e How do you know the NLoM's with different cocycles produce
different SPT orders? Why “seemsly-the-same” path integrals can
produce different SPT phases? How do you measure SPT orders?

Universal probe = one probe to detect all possible orders.
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Universal probe for SPT orders

e How do you know the NLoM's with different cocycles produce
different SPT orders? Why “seemsly-the-same” path integrals can
produce different SPT phases? How do you measure SPT orders?

Universal probe = one probe to detect all possible orders.
e Universal probe for crystal order

= X-ray diffraction: o "
) 0@_@:7-

©002)| (nzzy\maﬂ L3/ﬂ2J (322)
uw @20 | /s, 00
w\ /maa ww/
Sampie
e

Transmission !
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8
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15
v
oo
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3
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Universal probe for SPT orders

e How do you know the NLoM's with different cocycles produce
different SPT orders? Why “seemsly-the-same” path integrals can
produce different SPT phases? How do you measure SPT orders?

Universal probe = one probe to detect all possible orders.

020

e Universal probe for crystal order
= X-ray diffraction: o ;
0@\‘@‘ @_\aﬂp z
e § 102

Incident %@0‘0 e £
X-rays H
26 4
<R, ) mm\mu, w2, m)
Beam @20 | fnan
w\ 7013 wv/
Sampie

"

Transmission

e Partitional function as an universal probe,

but Zti';T(l\/ld) =1 — does not work.

e Twist the symmetry by “gauging” the symmetry on M¢
— A — G gauge field.
P
= ZSPT(A, M) # 1.
Levin-Gu arXiv:1202.3120; Hung-Wen arXiv:1311.5539
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Symmetry twist and “gauging” NLoM

e In the NLoM path integral
Z(m) = [ Dlg(jed ¥ e e,

we sum over all the cross-sections of a trivial bundle G x M9,

e In the “gauged” NLoM (with symmetry twist), we sum over all the
cross-sections of a flat bundle G x MY with a flat connection.
“Gauging” (adding symmetry twist) in more details

e Change variable g(x) — h(x)g(x):

L(hg,(hg) td(hg)) = L(g, g ldg + A), A= h~ldh —

Z(M9) = / Dlg(x)]e ) 4x Lleg ™ (d=iAe) A — jp~Lgh.
“Gauged” partition function (with symmetry twist)
Z(A, Md) _ /D[g(x)]ef d?x E(g7g*1(dfiA)g)7 F=dA+i[A Al =0

e For continuous group G, we can generalize the above to non-flat
connection and non-flat bundle.
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Examples of symmetry twist (gauge configuration)

e U(1) symmetry twist: closed one-form A with
fs} A = oy,
fsyl A= dy.

e 7/, symmetry twist: closed quantized one-form A with
fsxl A=0,m, fsyl A=0,m.
- We can choose the one-form A to be non-zero only on some
codimension-1 closed sub-manifolds.
Z> symmetry twist <> codimension-1 sub-manifolds
(Poincaré duality).
- Contractable loop — exact one-form A = df
(pure gauge or coboundary)
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Universal topo. inv.: “gauged” partition function

_ “1(d—i
Z(AM?) _ [ Dge” T8 s W)
Z(O Md) nge [ L(g—tdg)

® Watop(A) and Wy (A) are equivalent if

1
WA—top(A) - WA—top(A) = YTY(F2) —+
g

e The equivalent class of the gauge-topological term W io,(A) is
the topological invariant that probe different SPT state.

e The topological invariant Wa_op(A) are Chern-Simons terms or
Chern-Simons-like terms.

e Such Chern-Simons-like terms are classified by
HI+Y(BG,Z) = HI[G, U(1)] Dijkgraaf-Witten CMP 129, 393 (90)
The topological invariant W_op(A)
can probe all the NLo M SPT states

e Wa top(A) can be viewed as a Lagrangian that
defines a gauge theory:
Dijkgraaf-Witten gauge theory 2




Calculate the SPT invariants for SPT phases

e Topological NLoM, as a fixed-point theory, contain only the pure
topological term, and it is easy to calculate Wa_iop(A):

e Lattice: cocycle v4({gi}) = DW action Wa_op(A)

-NLoM: Z =37 s [Tv3" (gi gj.8x) = | Dl[g]ei2mWe-op(g ' de)

- DW-gauge theory Z = z{g,-j} ngfik (gigi) = [ D[A]eiszA,mp(A)
where the amplitude ¢127"awp(4) is non-zero only for flat
connections: gix = gjj&ijk-

- Connection: v3(gi, gj, gx) = v3(hgi, hgj, hgk) = w3(glflgj7%f1gk)

ij

k k
8
AT
i Jj i g Jj

e Continuum: G-topo. term We.iop(g ' dg)g 14554 — Watop(A)
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An example: SU, SPT state

e Topo. term for SU, SPT state:
eln2+1D 7T3(5U2) =7

3 _ Tr(ig'dg)?
WG—t0p =k 2472 :
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An example: SU, SPT state

e Topo. term for SU, SPT state:
eln2+1D 7T3(5U2) =7

3 Tr(ig 'dg)?
WG_top =k T

3 _ A3
WA_top = kTr7247r2 )
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An example: SU, SPT state

e Topo. term for SU, SPT state: SU, connection A~ ig~ldg

e In 2+ 1D 7m3(SUs) = Z: A = 2x2 matrix;
(3 —ld 3
WG3—tOp - kTI(lith g) .
3
W3 op = KTrA50——.
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An example: SU, SPT state

e Topo. term for SU, SPT state: SU, connection A~ ig~ldg

e In 2+ 1D 7m3(SUs) = Z: A = 2x2 matrix; F = dA+ [A, A
Tr(ig—lde)3
WG3—tOp =k I(12g47r2 = )
3
WR rop = KTrA55225
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An example: SU, SPT state

e Topo. term for SU, SPT state: SU, connection A~ ig~ldg

e In 2+ 1D 7m3(SUs) = Z: A = 2x2 matrix; F = dA+ [A, A
Tr(ig—lde)3
WG3—tOp =k 1(154%2 =
— AS+3AF
W3 op = KTrAS255. d [#ist) | Wi,
0+1 0
1+1 0
3
241 | 7 | oA
3+1 0
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An example: SU, SPT state

e Topo. term for SU, SPT state: SU, connection A~ ig~ldg

e In 2+ 1D 7m3(SUs) = Z: A = 2x2 matrix; F = dA+ [A, A
WG p = KIS
3 A34+3AF

W3 op = KTrASE22E. d [ H(Sk) | Wi,
SPT inv. — phys. measurement: 0+1 0

— Spin quantum Hall 1+1 0

conductance ai}p,”? = % 241 7 TrA;JZiéF
— Gapless state if the 311 0

SU, symm. is not broken.
(No topo. order, need symm. protection) Liu-Wen arXiv:1205.7024
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The edge of the SU(2) SPT state must be gapless

Bulk fixed-point action: Liu-Wen arXiv:1205.7024
Shulk = —it= [, Tr(g1dg)®, k€ Z, ge SU(2) The SU(2)
symmetry g(x) — hg(x), h,g(x) e SU(2)
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The edge of the SU(2) SPT state must be gapless

Bulk fixed-point action: Liu-Wen arXiv:1205.7024
Shulk = —it= [, Tr(g1dg)®, k€ Z, ge SU(2) The SU(2)
symmetry g(x) — hg(x), h,g(x) e SU(2)
e The edge excitations on M3 described by fixed-point WZW:
Sedge = Jon3 %Tr(agflag) — i [ %Tr(gfldg)%
e At the fixed point, we have a equation of motion
0:1(0:8)g 11 =0, 8:[(0:¢ )l =0, z=x+it.

Right movers [(0,g)g !](z) — SU(2)-charges
Left movers [(0:g 1)g](z) — SU.(2)-charges, g(x) — g(x)h,
Level-k Kac-Moody algebra Witten NPB 223, 422 (83) g
e The SU(2) symmetry is anomalous at the edge.
In general, G SPT state has anomalous G-symmetry
at the boundary — a defining property of SPT phases.

Theorem: The boundary of any 241D SPT states must be
gapless or symmetry breaking. Chen:Liu-Wen arXiv:1106.4752;
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U(1) SPT phases and their physical properties

e Topo. terms for U; SPT state: d HI[U] WAd—top
eIn0+1D, Wi, = k. 0or1| Z Z
1+1 0
2+1 Z (zj‘ﬂF)Q
3+1 0
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U(1) SPT phases and their physical properties

e Topo. terms for U; SPT state:
eIn0+1D, W}, = k4.

top

d

HI[Un]

Wd

Z[A] _ TI’(U;WiSte_H) _ eikfsl A _ ik 141

SPT inv. — phys. measurement:

— ground state carries charge k

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014

A-top
A
0+1| Z 4
0
AF
241| Z | £
3+1 0
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U(1) SPT phases and their physical properties

e Topo. terms for U; SP'I;\ state: d HI[U] WAd—top
1
.In O+1D, WA—top*kZ'. . 0+1 Z %
Z[A] _ TI’(U;WISte_H) _ elkfsl A _ ik 141 0
SPT inv. — phys. measurement: 241 7 AF
— ground state carries charge k (2m)?
eIn2+1D, W3, = kiphs (7) 3+1) 0
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U(1) SPT phases and their physical properties

e Topo. terms for U; SP'I;\ state: d HI[U] WAd—top
1
.In O+1D, WA_top—kZ.. . 0+1 Z %
Z[A] _ TI’(U;WISte_H) _ elkfsl A _ ik 141 0
SPT inv. — phys. measurement: 241 7 AF
— ground state carries charge k (2m)?
eIn2+1D, W3, = kiphs (7) 3+1) 0

SPT inv. — phys. measurement:
— Hall conductance o,, = Zk%
— The edge of U; SPT phase must be gapless with left/right
movers and has anomalous U(1) symm.
— Choose space-time S x M? and put 27rm flux through M?.
£ = kAdA/2r — LOTP =k [, AdA/2m = 2kmA.

- The 2+1D U; SPT state labeled by k reduces to a 0+1D U; SPT
state labeled by 2km (with charge 2km in ground state).

- 27m flux in space M? induces 2km unit of charge — Hall
conductance Oxy = 2k62/h Lu-Vishwanath arXiv:1205.3156

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



From probe to mechanism of SPT states

e To probe:
27 flux inducing 2k charge probes U(1) SPT state.

e To create:
Attaching 2k charges to a U(1) vortex makes U(1) SPT state.

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



From probe to mechanism of SPT states

e To probe:
27 flux inducing 2k charge probes U(1) SPT state.

e To create:
Attaching 2k charges to a U(1) vortex makes U(1) SPT state.

e Start with 241D bosonic superfluid:
proliferate vortices — trivial Mott insulator.
proliferate vortex+2k-charge — U(1) SPT state labeled by k.

- Why? U(1) flux is the U(1) symmetry U(1) twist  6—flux
twist. A vortex in U(1) superfluid is ~ ------- X
a 2mw U(1) symmetry twist = 2m flux.

The vortex condensed state (or the vortex proliferated state)
remembers the binding of vortex and 2k-charge:
a 2m U(1) symmetry twist (2 flux) carries 2k charges.
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Why bind even charge to vortex?

e Can we bind charge-1 to a vortex, to make a new U(1) SPT state
beyond group cohomology, which has o,, = %z?
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Why bind even charge to vortex?

e Can we bind charge-1 to a vortex, to make a new U(1) SPT state
beyond group cohomology, which has o,, = e—hz? No!
(1) Inserting 2 flux will always create a quasiparticle. Such a
quasiparticle would carry a unit U(1) charge. The bound state of
charge-1-+2m-flux is a fermion, which implies that the o, = e—hQ
SPT state must carry a non-trivial topological order.
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Why bind even charge to vortex?

e Can we bind charge-1 to a vortex, to make a new U(1) SPT state
beyond group cohomology, which has o,, = e—hz? No!
(1) Inserting 2 flux will always create a quasiparticle. Such a
quasiparticle would carry a unit U(1) charge. The bound state of
charge-1-+2m-flux is a fermion, which implies that the o, = %2
SPT state must carry a non-trivial topological order.
(2) The bound state of charge-1+vortex is a fermion. They cannot
condense to make the superfluid into an insulator. But a
(charge-1+vortex)-pair is a boson. Proliferate/condensing such
(charge-1+vortex)-pairs can make the superfluid into an insulator
with non-trivial Z, topological order described by Z, gauge theory.

The duality between the probe and the mechanism is a
general phenomenon which also appears for other SPT
orders.
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Electromagnetic responce in state with no topological order

e Bosons with no topo. order: % fM3 AdA
e Fermions with no topo. order: ﬁ fM3AdA
An understanding via algebraic topology:
- The Chern-Simons term is better defined by going to one higher
dimension: o [ / dA,
M

AdA = 2 o

4-7'[' —OM* 2 4 27T

which well defined onIy when ? - fM4 2—A)2 is always integer for
closed M*.
- Two math relations:
1) Sg%(x2) = x2 U xo for any 2-cocycle xo € H?(M*, Zy)
2) Sq?(x2) = up Uxo = (wo + wy U wy) U xz in 4-dimensions

Choose xo = 92 mod 2 — (92)2 = (wo + wy Uwy) U 42 mod 2.

-On CP?, [,.(%2 (442 =1 - % = int. for bosons.

- On spin mamfold Wi, Wo = O and jM4 ) =0 mod 2
— 0, = int. for fermions.
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The boundary of the 2+1D bosonic U(1) SPT state has

a 141D bosonic U(1) gauge anomaly

The boundary of the 2+4+1D U(1) SPT state must be gapless.
e Partition function of U(1)-SPT state on space-time with boundary:

Z(A M3) — oeVol4i [y 2k AdA+ [, dtdx Ledge
)

e The total Z(A, M?) is gauge invariant under A — A + df, but the
bulk CS-term and the edge action separately are not gauge
invariant if 2k # 0. We need a U(1) anomalous edge described by
Ledge to cancell the gauge non-invariance of the CS-term.

e Such an edge must be gapless. Wen PRB 43, 11025 (89)
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A mechanism for 241D U; x Z,/ SPT state

Liu-Gu-Wen arXiv:1404.2818
e 2+1D boson superfluid 4+ gas of vortex
— boson Mott insulator.

e 241D boson superfluid + gas of S*-vortex
— boson topological insulator (U; x Z) SPT state)

- The boson superfluid + spin-1 system
S%-vortex = @2 a
vortex + (S, = +1)-spin :
anti S%-vortex =
anti-vortex + (S, = —1)-spin "'

VO . J(),w){f{\o) 4,
WAWAY - VA ";\qu;w)

A )
' |0> 10" ,|0>,
, |o> , o f 0"

.
. ‘;3.

Probing 2+1D U; x Z] SPT state

Let ®yortex be the creation operator of the vortex. Then

T Ouortex T = Do Psvortex = ST Puorters T 1P vome T = —OF oo
The m-flux in the U; x Z,| SPT state is Kramer doublet:

(DSZ—vortex| - 7T> - |7T >, q>T§Z—vorte><‘7r> = | -7 >,
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Z> SPT phases and their physical properties

e Topological terms: $Az,=0,m a= 2
d | #Z)] Wgtop
0+1]| 2 3a
1+1 0
2+1 Z %33
3+1 0

Wen arXiv:1410.8477
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Z> SPT phases and their physical properties

e Topological terms: $Az,=0,m a= 2
eln0+1D, W}, = k52 = ka. d | #z] W:\’top
0+1]| 2 3a
1+1 0
2+1 Z %33
3+1 0

Wen arXiv:1410.8477
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Z> SPT phases and their physical properties

e Topological terms: $Az,=0,m a= 2
eln0+1D, W}, = k52 = ka. d [ #z] Wz\’top
Z[a] = Tr(U7trWISt —H) _ 62771 $s1 Watop 0+1 Zo %a

= elkTfsia = olkm = £1 k =0,1 1+1| 0
SPT inv. — phys. measurement: 241 Zs %33
— ground state Zp-charge = k = 0,1 341 0

Wen arXiv:1410.8477
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Z> SPT phases and their physical properties

e Topological terms: $Az,=0,m a= 2
eln0+1D, W}, = k52 = ka. d |z W:\’top
Z[a] = Tr(U7trWISt —H) _ 62771 $s1 Watop 0+1 Zo %a

= elkTfsia = olkm = £1 k =0,1 1+1| 0
SPT inv. — phys. measurement: 241 Zs %33
— ground state Zg charge = k=0,1
eIn2+1D, [ = [, 1a° st 9
w2 Waop = Jue 27 Wen arXiv:1410.8477

Here we do not view a as 1-form
but as 1-cocycle a € HY(M?3,Z;,), and a°® = aUaU a:
fM3 aUaUa=0o0or1 — 2 fus Watoo — omified® — 41
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Z> SPT phases and their physical properties

e Topological terms: $Az,=0,m a= %;
eln0+1D, W}, = k52 = ka. d | #IZ] | Wi
Z[a] = Tr(Uviste=H) = ¢27i fs1 Watop 0+1| Z» 3a

= elkmfsa = olkm = 11 k=0,1 1+1| 0

SPT inv. — phys. measurement: 241 Zs %33

— ground state Zp-charge = k = 0,1 341 0
eIn2+1D, [ Wi, = [ 32

. Wen arXiv:1410.8477
Here we do not view a as 1-form

but as 1-cocycle a € HY(M?3,Z;,), and a°® = aUaU a:
JysaUala=00r1— 2™ s Waop = omi f3@® = 11

e Poincaré duality: 1-cocycle a <+ 2-cycle N? (2D submanifold)
N? is the surface across which we do the Z, symmetry twist.

GiveM3antimeandspace.g>Q Q[> ><:>X

slices, as we evolve in time: (y) (b) ©)

fM3 a® = # of loop creation/annihilation + # of line reconnection

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



How calculate [, a* (which can be 0 or 1 mod 2)

° fM3 a1 U ap U az = # of intersections of Ny, N, N3 mod 2,
where a; — ;.

o [saUalUa = # of intersections of N, N/, N" mod 2,
where a2 — N, N, N”.

00 252Xz A

(a)

>0 O= (=X
(a) (b) ©)
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How to probe Z, SPT phase; How to measure fM3 %a3

Z[a, M?]

£l WMl 2w fys a8
Z[0, M3]
How to design (a, M?) such that ZF’ %3% — ei2nfy3a® —

e If we choose M3 = T3, ¢'?7 Jw3 32° = 1 no matter how we choose
the Z» symmetry twists a € HY(T3,Z5).

e Let us choose M3 = T2 X Dehn? st then we can have a 7,
symmetry twist to make ei2m w33 = 1.
The Z, symmetry twist a is represented
by a 2D surface in space-time M3,

which is a curve in space. g\

Hung-Wen arXiv:1311.5539

yp

It is hard to probe the 2, SPT order
(or Z> SPT inv.) using bulk measurement.
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How to create 2+1D Z, SPT phase?

o H=7>"Hp, Hp = —Xabcd Pet PghPijPit. one :sp&? "d’
Xabed = | T [+ LD (], s~ OO0 (D0

P =TI [+ LML | o @9 T
Chen-Liu-Wen arXiv:1106.4752; JONO; DP—=pH—Op-

e Start with a Z, symmetry breaking state, the, proliferate the
symmetry breaking domain walls to restore the Z>-symmetry.

- Domain wall quantum liquid = disordered Z>-symmetric state.
- If Domain wall quantum liquid = > ‘&O%”» then the
Z>-symmetric state is the trivial Z, SPT state.
¢
>
?Q<> then the

Z>-symmetric state is the non-trivial Z> SPT state.
Levin-Gu arXiv:1202.3120

=0 O2 H)(=X HE
@ (b) © b 1§

- If Domain wall quantum liquid = > (—)# °f loops
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Why there is no non-trivial 141D Z, SPT phase?

e Because H?(Z, U;) = 0.
But this only implies that our NLoM construction fails to produce
a non-trivial 1+1D Z, SPT state.

e May be non-trivial 14+1D Z, SPT state exists since we have a
potential Z, SPT invariant in 1+1D W3, (a) = 5aU a.
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Why there is no non-trivial 141D Z, SPT phase?

e Because H?(Z, U;) = 0.
But this only implies that our NLoM construction fails to produce
a non-trivial 1+1D Z, SPT state.

e May be non-trivial 14+1D Z, SPT state exists since we have a
potential Z, SPT invariant in 1+1D W3, (a) = 5aU a.

- However, f alUa =0 mod 2 on oriented manifold. There is not
even non-trivial potential Z, SPT invariant in 1+1D
— there is no non-trivial 141D Z, SPT phase.
Proof:
Sq*(a) =aUaand Sg'(a) =ummUa=wiUa
wy = 0 for oriented manifold, and thus aUa = 0 mod 2.

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



A 1+1D Zy, x Zy, SPT state

Wang-Gu-Wen arXiv:1405.7689
H3[Zn, x Zn,, U(D)] = Zpy, = {0,1, -+ k,--- , Nip — 1}
where Nip = ged( Ny, Ny).

e We consider a SPT state labeled by k € Zyy,,
and assume N; = No = N,

e What is the SPT invariant?
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A 1+1D Zy, x Zy, SPT state

Wang-Gu-Wen arXiv:1405.7689

H3[Zn, x Zn,, U(D)] = Zpy, = {0,1, -+ k,--- , Nip — 1}

where Nip = ged( Ny, Ny).

e We consider a SPT state labeled by k € Zyy,,
and assume N; = No = N,

e What is the SPT invariant?

The fixed-point partition function on space-time T2 51 x St
with symmetry twists in x, t directions:

Z[a1, a2, T?] B Cik,\%falaz’
Z[0,0, 2]

7{31 S ZNl? 7{32 S ZNQ.
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SPT inv. — physical measurement

A symmetry twist of Z), carries Z,-charge k.

Example: 1D Z, x Z;, = D, SPT state (spin-1 Haldane chain)
Z> X Zy = Dy, = 180° spin rotations in 5%, 5%,
Untwisted case:

Z ISFSK iy + ST Sy + J2SE ST
+A&%+@$%+Lﬁ$

The ground state has e/™2-5" = 1.
Twisted case (by e™2-57):

Higst Z K S¥Sy + 4y SYSY + J.SPSE
+A&a—4qq—gqﬁ

H z
The ground state has e/™2-57 = —1.
Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



From a SPT invariant to a SPT mechanism

For a 1D Zy, x Zy, SPT state
e SPT invariant: a symmetry twist of Zp, carries a “charge” of Zy,
Wen arXiv:1301.7675

Since the symmetry twist of Zy, = the domain wall of Zp,

e Bind k Zp,-charge to the domain wall of Zy,
— 1D Zn, x Zn, SPT state labeled by k € H?[Zy, x Zy,, U(1)]

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



Example: A Z5 x Z5 spin-1 chain, & its symmetric phases

e |x),|y),|z) basis: '

V2o V2
00 0 0 0 i 0 —i 0
ss={o0 0 —i|, s*»=(0 o0 0|, s==[i 0 o
0 i 0 i 0 0 0 0 0

o 75 x 75 symmetry: UX (x5 )5 12)) = (=1x), [¥), 12))

2o ([x), 1), 12) = (19, 1y), —12))

o HO =%, —J,5757, — Z breaking * t44 R

Two kinds of domain walls with the same energy, but different
Z5-charges and different hopping operators:

HhoP — Z —K[(S)? + h.c], HyP = Z —Jo/ (S S, + hc).

- HO+ HhOp & HO + H.® — different symm. ground states
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A 241D Zy, x Z, x Zy, SPT state

H3 H Iy, UQV)] = Zny & Ziny @ Ziny © Lingy B Linyy B Ligs © Loy

where N123 = ng(Nl, NQ, /\/3).
e We consider a SPT state labeled by k € Zy,,,
and assume Ni = No = N3 = .
e The SPT invariant: Wang-Gu-Wen arXiv:1405.7689
Zlar, a2, 33] _ ikE [aaas
Z[0,0,0]
e SPT inv. — physical measurement: The intersection of the
symmetry twists in Zy, and Zp, carries Zp,-charge k.

e A mechanism for such a SPT state: Bind k Zp,-charge to the
intersection of the domain walls of Zy, and Zy,.
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e Dimension reduction: 7% = T2, x 5} and §g; a3 = 1:
’ v
2 _ :

Z[a]_,a27 T ] _ Cl%%‘] aiap

Z[0,0, T2
— A 1+1D SPT state with %2 € H?[Zy, x Zy,, U(1)] = Zp,,.
— degenerated states at the end of 1D chain that form a
projective representation of Zy, x Z,.

e A Zy, “vortex” (end of Zy, symmetry twist) 30
carries degenerated states that form Y

a projective representation of Zy, x Z,.

e How to make Z3-vortex: ‘_<60 [ ) >__
1) Consider U(1) symm. break Degerate

down to Z3 symm. states
2) A vortex of the order )Ji)
parameter = Z3-vortex.

e Another mechanism for the 2+1D Zy, x Zy, x Zy, SPT state:
bind the 1+1D Zy, x Zy, SPT state to the domain wall of
Zp; .Chen-Lu-Vishwanath 12
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H9(G,R/Z) does not produce all the SPT phases

with symm. G: Topological states and anomalies

Wen arXiv:1303.1803; Kong-Wen arXiv:1405.5858
SPT order from H9(G,R/Z) Topological order

Pure SPT order within H?(G,R/Z): We. . = 455, 133
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H9(G,R/Z) does not produce all the SPT phases

with symm. G: Topological states and anomalies

Wen arXiv:1303.1803; Kong-Wen arXiv:1405.5858
SPT order from H9(G,R/Z) Topological order

S ;ﬁll;nsétt‘;y mixed ordered
‘gauge—grav
anomaly AL

SPT order beyond H9(G,R/7Z)

Pure SPT order within H9(G,R/Z): Wg_top = %, 1a3
mixed SPT order beyond H%(G,R/Z): WA"_tOp = L ws, tap
Invertible topological order: WAC’_top = w3, 3WoW3
p1 is the first Pontryagin class, dws = pi1, and w; is the
Stiefel-Whitney classes.

Xiao-Gang Wen, MIT PiTP, IAS, July., 2014 A theory for symmetry protected topological order



A general theory for bosonic pure STP orders,

mixed SPT orders, and invertible topological orders

Wen arXiv:1410.8477

e NLoM (group cohomology) approach to pure SPT phases:

(1) NLoM+-topo. term: %|8g!2 +27iW (g 10g), g€ G

(2) Add symm. twist: 55[(0 — iA)g[> + 2mi W[(D — iA)g]

(3) Integrate out matter field: Zsyeq = e2mi [ Watop(A)
e G x SO, NLoM (group cohomology) approach:

(1) NLoM: 55|0g|* +2riW(gt0g), g € G x SO

(2) Add twist: 55[(0 — 1A —ilg|? + 2mriW[(0 — iA — il)g]

(3) Integrate out matter field: Zgjyeq = €271/ Waten(AT)

Pure STP orders, mixed SPT orders, and invertible
topological orders are classified by

HY(G x SO,R/Z)

= HY(G,R/Z) &¢_1 H¥[G, HI (SO, R/Z)] & HI(SO,R/Z)
after quotient out something ?(G).
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Trying to classify bosonic pure STP orders,

mixed SPT orders, and invertible topological orders

e Pure STP orders: 19(G,R/7)

o mixed SPT orders: ©¢_11*[G,HI¥(SO,R/Z)]

¢ iTO’s: H(SO,R/Z)
The above are one-to-one description of pure SPT orders, but only
many-to-one description of mixed SPT orders and iTO's

- G-symmetry twists A — Wf\ttop(A) can fully detect/distinguish all
elements of 719(G,R/7Z).

- SO-symmetry twists [so — Wj\’_mp(rso) can fully
detect/distinguish all elements of 79 (SO, R/Z).

- SO-symmetry twists I from the tangent bundle of M9 are only
special SO-symmetry twists (which are arbitrary SO-bundles on

M9y — W;\Qtop(r) cannot fully detect/distinguish all elements of

HI(SO,R/Z). — iTO? = H(SO,R/Z)/T?
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Trying to classify bosonic pure STP orders,

mixed SPT orders, and invertible topological orders

e Pure STP orders: H9(G,R/7Z) (the black entries below)
« mixed SPT order &{_1H*(G,iTO? k) = ZLICHT (SOR/Z]

¢ iTO's: iTOY = H9(SO,R/Z)/T¢

e Probe mixed SPT order described by 7X[G, 19~*(SO,R/7Z)]: put
the state on M9 = MK x M9~k and add a G-symmetry twist on
M* — Induce a state on M9~k described by H9~K(SO,R/Z) — a
iTO state in iTOY %

G\d= 0+1 | 1+1 2+1 3+1 4+1 5+1 6-+1
iTO? 0 0 Z 0 Zy 0 0
Zn Zn 0 Zn 0 Zn ® Zn Zn,2) Zn ®Zn © ZLp2)
z] 0 Zy 0 Zy & Ly 0 Zp & 27 Zy
u(1) Z 0 Z 0 YASYA 0 YASY AV
U(l) X 2o Zo> L YASYL Z 27> D Lo 275 P 27> 7 ® 27> BL D 27>
U(l) X ZZT 0 272 0 375 b Zo 0 475 P 37> 275 D 7o
U(l) X ZQT Z Zo Zo 27 @ Lo 7® 7Ly D7 27> @ 27 27> @ 37 B Zo

Wen arXiv:1410.8477
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