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Routes to gauge theory/geometry correspondence

e Spacetime picture motivated by D-branes

Fither backreaction on spacetime or worldvolume degrees of freedom
e Large N expansion and open — closed worldsheets :« oot
e Non-critical strings and the Liouville extra dimension royakov

e Gauge theory loop equations and all that




Time to go back seriously to a “microscopic” worldsheet picture:

how to really “close the holes””

In these lectures we will do this in a simple example

(D. Gaiotto and L.R., hep-th/0312196)

The mechanism, we hope, is quite general.
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Large N

Gauge theory partition function: « mooft

Closed string partition function:

log 2’7closed(]\f7 t) _ Z N2_29Fg(t) 7
g=0




One possibility

“Summing over h, we fill in the surface.”

This is the intuition of “old matrix models”.

3 critical value t. such that as t — ¢,
F,(t) dominated by surfaces with h — oo. Critical behaviour:

Fy(t) ~ fy (tc — )27

Theory near this critical point is effectively a closed string theory.

Taking double-scaling limit
N —oc, t—t., = (t. —t)*N fixed,

we find a sum over closed surfaces,

log Z = Z li29—2fg :
g

This allows to exactly solve closed string theories with ¢ < 1.




However...

In AdS/CFT and related examples, N can be kept finite.

Moreover, t is a free geometric parameter of the closed string

background.

Riemann surfaces with A holes <

Closed Riemann surfaces with h extra closed string insertions

D-branes in imaginary time offer a precise example caiotto rizhaki L.R.

tb”/deLO B)p — t W(P)

Summing over holes ~ exp(t [ d*zW(z))

Topological strings seem to work similarly oogusi vasa




Basic Setup
Open string side
In these lectures, the poor man’s version of a gauge theory, a matrix model.

Interpret it as the open string field theory (OSFT) on N branes of some
appropriate string theory:

fatgraphs = open string field Feynman diagrams.

(We really mean the full OSF'T, not some effective low-energy limit).

Coupling constants in the matrix model ~ open string moduli {z;},7=1,... N

(choices of open string boundary conditions).

Natural class of observables encoded in the vacuum amplitude

log 27" (go, N ZZQO_2+29 90" N)"F ({2}

g=0 h=1




Closed string side

Natural observables are correlators of closed strings physical states {Oy},

encoded in

log chosed gS, {tk} 29829 2 eXp Ztkok

Open/closed duality:

open diagram with A holes < closed diagram with h punctures.

bO/dppL0|Bz> — ch(z)(?
k

ZOPM gy, {2i}) = 2o <gs = g, b =




Moduli spaces

For this to make sense, appropriate moduli spaces of open and closed Riemann
surfaces must be closely related

= moduli space of open Riemann surfaces of genus ¢, with A holes

PN — 69 — 6 + 3h

M;{gsed = moduli space of closed Riemann surfaces of genus ¢, with p punctures

dim(MEo5e4) = 6g — 6 4 2p

Natural isomorphism Penner, Kontsevich

open ~ Ph closed




Building M%"

Recall, locally on a surface

ds® = h(z,z)dzdz

Metric — unique complex structure, but of course

complex structure — conformal class of metrics.
Need to impose additional constraints to find a unique representative metric.
Strebel’s heights theorem (Strebel, Th. 21.1)

Given a surface in M "™, there exists a unique way to build it by gluing flat
cylinders of specified heights d;, © = 1,...h, one for each boundary component.
(One boundary of each cylinder is a boundary component of the Riemann
surface, while the other boundary is glued to similar boundaries).

We will choose all the heights d; = 7/2.
Moduli are represented by the circunferences of the cylinders and the lenghts of

the gluing segments.




Clearly this is the same as building the surface with flat strips of width 7 and
various lengths {l,}, a =1,...6g9 — 6 + 3b.
The strips are glued at their midpoints (conical singularities).

Another equivalent characterization of this metric is:
The unique metric of minimal area such that all non-trivial Jordan open curves

have lengths > .
Draw diagrams for g = 0, h = 3.

Diagrams with n-point vertices, n > 3, are a set of measure zero.




This shows how to write the standard first quantized Polyakov prescription

6g—6+3b

Forn = [y [ XUDUDA ] (ko) 560

a=1
as a sum of “Feynman diagrams”.

These are indeed the Feynman diagrams of Witten’s OSF'T, following from the

gauged-fixed action Thorn, Bochicehio

1 /1 1
90

Very curiously, these Feynman rules cover the moduli space (of surfaces with at

least one boundary) without the need of explicit closed string propagators.

Closed string poles are already automatically included.




The map

f : Mop}fn Rh ¢ Mclosed

is now readily described.

Given a surface in M we record somewhere the h lenghts of the boundary

9 W
components (in the Strebel metric).

Then we glue h semi-infinite flat cylinders, one for each bundary component.
We obtain a surface in /\/ld"sed.

To describe the inverse map f~!, need a description of /\/ldosed.




114 closed
Building M??
Strebel’s circunference theorem (Strebel, Th. 23.2 and 23.5).

Given a surface in M¢'9*¢ and h positive real numbers {l;}, there is a unique

way to build the surface by gluing h semi-infinite cylinders of circumferences ;.

Now cut the cylinders at heights 7 /2.

We obtain a surface in M "™, endowed precisely with the metric we considered

above. Hence we have found f~!.




Brief review of ¢ < 1 closed string models

1 5 {

Noncritical bosonic string theories from (p, ¢) minimal models + Liouville.

Exact solution from double-scaling of p — 1 matrix model.

Douglas Shenker, Brezin Kasakov, Gross Migdal
Models in the same row related by turning on deformations, S = Sg + ¢,O,,.
(p, 1) column: topological models

e Focus first on (2,1): ¢ = —2 matter ® ¢ = 28 Liouville.

Alternative powerful formulation as topological 2d gravity, intersection theory

on moduli space of Riemann surfaces. witten




(2,1) model

Closed string observables Oy 1, K =0,1,...,00

(Ogx41 < c1(L)¥ in intersection theory)

log Z°* (g, t) = > s> 72 (exp (D txOaky1)) g -
g=0 k

Z(t) = 7(t) is a 7-function of the KP(KdV) hierarchy. pougtas

Uniquely determined by Virasoro algebra of constraints: bDijkgraaf Verlinde Verlinde

0
a—th(tk) = Lok 2 Z(tg)




Kontsevich matrix integral

Beautiful representation of Z(t) from an integral over N x N hermitian

matrices

Zelosed(t) = p(Z)~* / [dX] exp (—%Tr BZX2 + %X3D

p(7) = / [dX] exp (- 2;(% TrZXQ) .

Closed string sources t; encoded in the N eigenvalues of matrix Z:

2 N

g ok—1 g5 1
t, = —Jo mpg-2k-1_ _Yo
LA 2% + 1 Zzn%ﬂ

n=1

Different from double-scaled matrix model.
Here we can keep g, and /N finite, or do ordinary 't Hooft expansion with ¢
fixed.

e Konsevitch integral resembles cubic open SFT...




Feynman rules

>
j(

20s
Zi + Zj




Example: (O,0,0,)g,

Sphere with three holes: Assign Chan-Paton indexes to each hole i,j.k

Four contributions:

2

29, +Li( iz +(z'—>j)+(z'—>l~c)] = o

(Zz'—l—Zj)(Zj —|—zk)(zk—|—zi) Zi—l—Zj)(Zq;—l—Zk)

Sum over Chan-Paton:
3
5o [/ N
go 1 1 3
=9 E — = —t3° — (OO0 =1.
6 <z1 ZZ) 6g; ’ (OO,

Hole in Feymann diagram <« closed string puncture ~ g5 %

e Summing over number of holes exponentiates the puncture to a closed

background




Our Proposal

Kontsevich integral = open SFT on N stable D-branes

¢ |B), = (FZZT brane for Liouville with u = 0, pup = 2z) Q|Bmter)

Introducing a brane is equivalent to a shift of the closed string background:

0@

Oak11
‘B>z - l;) (Qk i 1)22k+1

e Cubic OSFT on N such branes — Kontsevich integral
Topological localization similar to open topological A model — Chern-Simons

Witten

e Compute Z in open and closed channel:

1
Zopen oz = chosed .= 2 / — q.
(g ,Z) <g Yos2k+1 = § Z (Zk—l— 1)27;]“




Worldsheet theory for (2,1) model

Many formulations of topological gravity.

Careful BRST analysis necessary to define cohomological problem and handle
correctly the contact term algebra

Labastida Pernici Witten, E. and H. Verlinde, Distler Nelson

Double scaling limit of a matrix model with two Grassmann coordinates agrees

with topological gravity iebanov Wilkinson

e Simplest continuum formulation: bosonic string

c = —2 matter @ ¢ = 28 Liouville

No subtleties arise for the open theory.

Precise treatment made possible by recent progress in Liouville field theory

Teschner, Fateev Zamolodchikov2, S




Strings in D=-2

1
2

S

/sz e(w@@o‘é@ﬁ + S@ZQS + Spe a,0=1,2.

O! and 62 real and Grassmann odd.

1
0'(z,2)0%(0) ~ ) log | z|?

Only one non-chiral zero mode. Different from &n,

77('2) :8@1(Z,Z), f(z)—|—.§(2) :@1('272)'

Closed string observables

Ogppr = V201K PL(9O%) ce

k(k+1) k(k+1)
2 v 2

Already in the correct “picture”.

Canonical choice of ( ) primaries Py from SL(2) invariance.

Logarithmic behavior of the CFT possible way to understand contact terms.

(See Zamolodchikov)




Stable D-branes

Boundary conditions:

e Dirichlet b.c. on ©%.

e Eixtended D-brane in the Liouville direction with boundary interaction

UB fa e(b Fateev Zamolodchikov?

Quantum gravity interpretation
Oa,
e HB ! +1
pe 7 / Wil) ~ Z kT
k=0 HB
W(l) maCI‘OSCOpiC loop Operator Banks Douglas Seiberg Shenker

e Oy11 appear with correct power of ;15 in Boundary State

it up < z parameter in Kontsevich.




BCFT on stable branes

Spectrum on these branes:

e O%: Dirichlet b.c. — a single copy of current 00, no zero modes

e Boundary (FZZT) Liouville: {e“?}
a = (/2 + i P are normalizable states;
a real < ()/2 are local operators.

(CLiou =1+6Q%,Q=0b+1/b, b=1/V2)
Bosonization pistler

B =00 ~=00%"%
(2,-1) By system, (2,-1) bc system

Scalar supercharge

Qs = f b(2)1(z) = f b(z)e #9602 (2) .

Q% ={Q5,Qs} = {bo, Qs} = [Ln,Qs]= 0.
LO — {QS7 T }




Open String Field Theory

Usual OSFT action on N D-branes: witten

2

SV = _L <1< i, @BV j5) + é<\1’z’ja\I’jka\I}ki>> :

g>

String field ¥;; € H,;, open string state-space between brane ¢ and

brane j.




Topological localization

e Syws = {Qs, - -} — localization on ‘massless’ modes

e More formal argument:

Gauge-fix action with Siegel gauge boW;; = 0. Extend W;; to arbitrary ghost

number

Qs cohomology is one-dimensional: open string tachyon ce®?.

OSFT action Qg closed.

U,y =X,Tyi 4= Xij€b¢cl‘0>z'j 4.
1 1 1
S|VU] = T <§Xz'sz'j (T35, coLoTyi) + ng'ijkaz'<TijaTjkaTki>) +Qs(--+).

Vacuum amplitudes containing states outside the cohomology add up to zero.




Boundary Liouville correlators

Naive computation: Liouville momentum has to add up to 3.

(T3, coLoT;;) = ( ) 4 u( ). (Needs one pge? insertion)

(Tjiy Tjie x Thi) =1 (Needs no pp insertion)

Kontsevich model: pup = 2

Kinetic term would be naively zero (open tachyon is on-shell). Why non-zero?

Compute carefully with FZZT formulae:

oap o 1
<€ ¢€ ¢>1, D(Ck :usB)nugB)nubulk)

D(a, ,LL(B), u%), Upuik) has a pole as o — 1 that cancels against Ly — 0.

All contributions come from singular surfaces

In cell decomposition of OSF'T, all propagator lengths L; — oo




X

I

2

Evaluating Boundary Liouville correlators

T o1,
D(O‘nu(Bl)nu(B?)nubulk) — (ﬁﬂbulk’y(_))2 X

2

(V2o — %)SL(%‘FZ'Sl—l—?:SQ—\/?Ck)S 1 (%—131—132—\@@)

V2 V32
I'

(% — \@&)S%(i!ﬂ — 1S9 + \@a)S%(—isl + 189 + \@a)

1
vz
Iu(i)
B — cosh \f27rsz-
Hbulk



Contact terms

Open string contact terms: boundaries touch each other
Closed string contact terms: punctures touch each other

Highly nontrivial contact terms in closed string description give rise to

recursion relations for amplitudes.

0

ZZEQn QZE 2]€—|—1t2k1
Oton+s * kz:%( ok Olokton +1 Z 8t2k—|—18t2n 2k+1

Recursion encode contact terms for Oy, 41 at position of other Os,,11 and

nodes of surface. witten, Dijkgraaf Verlinde Verlinde

Non-trivial self-consistency: Virasoro algebra.




Extended recursion relations

How do boundaries aflect recursion relations?

New contact terms for Og, 11

at boundaries and at nodes that pinch a boundary.

t1 1 102
+—)z--=

9z LE)Z=0 52+
z 0z

Ot 205 222

9 “2) o2
Yz z = It
a5, > = ko Loz =25

0
at2n—i—5

. 0Z
£gn)+22 £2n+22—z2”+1 gsz o Oton—ok+1

Unique solution:

gs
Zo en—tclosed\t 9 — Zc ose t
pentclosed(taky1, 2) losed ( 2k+1 T+ 2k + 1)z2k+1)







In this model, all the physics can be extracted from the open string

vacuum amplitudes on an infinite number of branes
This may be the correct framework for background independence witten

e Generalizations to other c <1 and ¢ <1




Non-zero bulk cosmological constant

Treat closed string deformation 1e?*? perturbatively.

In OSFT, add closed string insertions with open/closed vertex. In this simple

case,

1 1 1
Z(gs, 1t 2i) = Zelosed(gs, 1)p(Z) ™" /[dX] exp (—Tr [—§ZX2 + ng + MX]>

Is
Shift X — X — (Z2 — 24)% + Z gives
1 1 1
/[dX] exp | —Tr |-=(2% —2u)2 X2 + = X3
Js 2 6
Hence pup = (2% — 241)2, which checks out.

Similarly, dilaton deformation
tsO3 — open/closed vertex ?’gﬂTrZQX.

Higher O have non-trivial contact terms — multi-trace deformations?




Conclusions

A class of examples where exact open/closed duality can be

demonstrated explicitly
Prototype: Kontsevich model

Some possible extensions:

e (p,1) minimal models

o ¢ = 1 at self-dual radius choshal Mukhi Murthy
e ¢ < 1 models?

e relation with critical topological strings? aganagic et al

One general lesson:
Open SF'T on infinite number of branes as a universal tool for

open/closed dualities

Does AdS/CFT work similarly?




