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A major challenge in the exploration of the AdS/CFT

correspondence is the solution of string theory in a special curved

spacetime background (AdS5 × S5). We have developed a

perturbative approach to the computation of the spectrum of the

string in this background that allows us to go beyond

previously-explored limits and see, in the string spectrum, the

degeneracy-lifting effects of spacetime curvature. This lifting of

degeneracy has its counterpart in the detailed structure of the

anomalous dimension of certain operators in the dual gauge

theory. The two approaches yield identical results to second order

in the natural expansion parameter and then diverge.

aBased on work with John Schwarz, Tristan McLouhghlin and Ian Swanson of CalTech















Gauge Theory Anomalous

Dimensions:

Useful Lowest-Order Results









Extended Supersymmetry Considerations

We need anomalous dimensions for all multiplets containing operators with

∆0 = 2. Extended superconformal symmetry implies that conformal primary

operators are organized into multiplets obtained from a lowest-dimension

primary OD of dimension D by anticommutation with the supercharges Qα
i (i is

an SL(2, C) Lorentz spinor index and α is an SU(4) index). We first deal with

the case where OD is a spacetime scalar (of dimension D and R-charge R).

There are 16 supercharges of which 8 are raising operators: δD = δR = 1
2
.

There are 28 = 256 operators we can reach by ‘raising’ the lowest one. The

operators at level L, obtained by acting with L supercharges, have the same

dimension and R-charge (and the same ∆ = D − R as the ground level).

Level 0 1 2 3 4 5 6 7 8

Multiplicity 1 8 28 56 70 56 28 8 1

Dimension D D + 1/2 D + 1 D + 3/2 D + 2 D + 5/2 D + 3 D + 7/2 D + 4

R − charge R R + 1/2 R + 1 R + 3/2 R + 2 R + 5/2 R + 3 R + 7/2 R + 4

Table 1: R-charge content of a supermultiplet



Two Impurity Supermultiplet Results

The one-loop results already stated determine everything if we can identify the

level L of the corresponding operators. See the comprehensive analysis of

Beisert (hep-th/0211032)

L R SU(4) Irreps Operator ∆ − 2 Multiplicity

0 R0 (0, R0, 0) ΣA tr
(
φAZpφAZR0−p

) g2
Y MNc

π2 sin2( nπ
(R0)+3

) n = 1, ., R0+1
2

2 R0 + 1 (0, R0, 2) + c.c. tr
(
φ[iZpφj]ZR0+1−p

) g2
Y MNc

π2 sin2( nπ
(R0+1)+2

) n = 1, ., R0+1
2

4 R0 + 2 (2, R0, 2) tr
(
φ(iZpφj)ZR0+2−p

) g2
Y MNc

π2 sin2( nπ
(R0+2)+1

) n = 1, ., R0+1
2

4 R0 + 2 (0, R0 + 2, 0)× 2 tr
(
χ[αZpχβ]ZR0+1−p

) g2
Y MNc

π2 sin2( nπ
(R0+2)+1

) n = 1, ., R0+1
2

6 R0 + 3 (0, R0 + 2, 2) + c.c. tr
(
χ(αZpχβ)ZR0+2−p

) g2
Y MNc

π2 sin2( nπ
(R0+3)+0

) n = 1, ., R0+1
2

8 R0 + 4 (0, R0, 0) tr
(∇µZZp∇µZZR0+2−p

) g2
Y MNc

π2 sin2( nπ
(R0+4)−1

) n = 1, ., R0+1
2

Table 2: Dimensions and multiplicities of spacetime scalar operators

L R Operator ∆ − 2 ∆ − 2 →
2 R0 + 1 tr

(
φiZp∇µZZR0−p

)
+ . . .

g2
Y MNc

π2 sin2( nπ
(R0+1)+2

)
g2

Y MNc

R2
0

n2(1 − 4
R0

)

4 R0 + 2 tr
(
φiZp∇µZZR0+1−p

) g2
Y MNc

π2 sin2( nπ
(R0+2)+1

)
g2

Y MNc

R2
0

n2(1 − 2
R0

)

4 R0 + 2 tr
(∇(µZZp∇ν)ZZR0−p

) g2
Y MNc

π2 sin2( nπ
(R0+2)+1

)
g2

Y MNc

R2
0

n2(1 − 2
R0

)

6 R0 + 3 tr
(
φiZp∇µZZR0+2−p

)
+ . . .

g2
Y MNc

π2 sin2( nπ
R0+3

)
g2

Y MNc

R2
0

n2(1 − 0
R0

)

6 R0 + 3 tr
(∇[µZZp∇ν]ZZR0+1−p

) g2
Y MNc

π2 sin2( nπ
R0+3

)
g2

Y MNc

R2
0

n2(1 − 0
R0

)

Table 3: Anomalous dimensions of some non-scalar operators

General formula for dimensions of operators of R-charge R at level L:

∆R,L
n = 2 +

g2
Y MNc

π2
sin2

(
nπ

R + 3 − L/2

)
→ 2 +

g2
Y MNc

R2
n2

(
1 − 6 − L

R
+ O(R−2)

)
.

Gauge theory prediction for the way in which worldsheet interactions lift the

degeneracy of the two-impurity string multiplet.



Quantizing the String:

the Gory Details







Light Cone Hamiltonian

Hlc =
1

2πα′

∫ 2πα′P−

0
dσ [Hpp + HBB + HFF + HBF ]

Hpp =
1

2

[
(pA)2 + (x́A)2 + (xA)2] +

i

2
(ψψ′ − ρρ′) + iρΠψ

HBB =
1

R2

{1

4

[
−y2

(
p2

z + z′2 + 2y′2
)

+ z2
(
p2

y + y′2 + 2z′2
)]

+
1

8

[
(xA)2]2 − 1

8

{[
(pA)2]2

+ 2(pA)2(x′A)2 +
[
(x′A)2

]2
}

+
1

2

(
x′ApA

)2}
HFF = − 1

4R2

{
[(ψ′ψ) + (ρρ′)] (ρΠψ) − 1

2
[(ψ′ψ) − (ρ′ρ)]

2

−1

2
[(ψρ′) − (ψ′ρ)]

2
+ [

1

12
(ψγjkρ)(ργjkΠρ′)

− 1

48
(ψγjkψ − ργjkρ)(ρ′γjkΠψ − ργjkΠψ′) − (j, k � j′, k′)]

}

Π = γ1γ2γ3γ4 = γ5γ6γ7γ8



Light Cone Hamiltonian

HBF =
1

R2

{
− i

4

[
(pA)2 + (x′A)2] + (y2 − z2)

]
(ψψ′ − ρρ′)

−1

2
(pAx′A)(ρψ′ + ψρ′) − i

2

(
p2

k + y′2 − z2
)

ρΠψ

+
i

4
(z′jzk)

(
ψγjkψ − ργjkρ

)
− i

4
(y′j′yk′)

(
ψγj′k′

ψ − ργj′k′
ρ
)

− i

8
(z′kyk′ + zky

′
k′)

(
ψγkk′

ψ − ργkk′
ρ
)

+
1

4
(pkyk′ + zkpk′)ψγkk′

ρ

+
1

4
(pjz

′
k)

(
ψγjkΠψ + ργjkΠρ

)
−1

4
(pj′y

′
k′)

(
ψγj′k′

Πψ + ργj′k′
Πρ

)
−1

4
(pky

′
k′ + z′kpk′)

(
ψγkk′

Πψ + ργkk′
Πρ

)
− i

2
(pkpk′ − z′ky

′
k′)ψγkk′

Πρ
}



Perturbation Theory Logic

As J → ∞, H → Hpp. The 8 + 8 oscillators for mode n each contribute

ωn =
√

1 + n2λ′. Limiting spectrum very degenerate. Simplest example: the

256 dimensional ‘two-impurity’ subspace:

aA†
n aB†

−n |J〉 bα†
n bβ†

−n |J〉 (spacetime bosons)

aA†
n bβ†

−n |J〉 bα†
n aB†

−n |J〉 (spacetime fermions)

Degeneracy is broken at the first order in J−1 by the perturbing Hamiltonian

Hint = HBB + HFF + HBF. To do first-order perturbation theory (adequate for

O(J−1)), diagonalize the explicit 256 × 256 perturbation matrix

(H)int aA†
n aB†

−n |J〉 bα†
n bβ†

−n |J〉 aA†
n bα†

−n |J〉 aA†
−nbα†

n |J〉
〈J | aA

n aB
−n HBB HBF 0 0

〈J | bα
nbβ

−n HBF HFF 0 0

〈J | aA
n bα

−n 0 0 HBF HBF

〈J | aA
−nb

α
n 0 0 HBF HBF

Table 1: Complete Hamiltonian in the space of two-impurity string states

Matrix elements computed by expanding the fields in HBB, HFF and HBF in

creation/annihilation operators and evaluating. Algebraically tedious and

requires symbolic manipulation programs, but results are quite simple.



Two-Impurity Matrix Elements (Bosons)

The full matrix elements, exact in λ′, are not too awful. They will be needed

when we try to make contact with gauge theory at higher loop order.

〈
J aA

n aB
−n (HBB) aC†

−naD†
n J

〉
= −2n2λ′ δ

ADδBC

J
+

n2λ′

J(1 + n2λ′)

[
δabδcd + δadδbc − δacδbd

]
− n2λ′

J(1 + n2λ′)

[
δa′b′δc′d′

+ δa′d′
δb′c′ − δa′c′δb′d′

]

SO(4) indices a, b, c, d ∈ 1, . . . , 4 indicate that A, B, C, D are chosen from the

first SO(4), and a′, b′, c′, d′ ∈ 5, . . . , 8 indicate the second SO(4). HBB does not

mix states built out of oscillators from different SO(4) subgroups.

〈
J bα

nbβ
−n (HFF) bγ†

−nb
δ†
n J

〉
= −2n2λ′ δ

αδδβγ

J

+
n2λ′

24J(1 + n2λ′)

[
(γij)αδ(γij)βγ + (γij)αβ(γij)γδ − (γij)αγ(γij)βδ

]
− n2λ′

24J(1 + n2λ′)

[
(γi′j′)αδ(γi′j′)βγ + (γi′j′)αβ(γi′j′)γδ − (γi′j′)αγ(γi′j′)βδ

]
The index labeling is similar to the bosonic case. Distinguish Π parity

projections: Πψ̂ = ψ̂ (irrep (1, 2; 1, 2)) vs Πψ̃ = −ψ̃ (irrep (2, 1; 2, 1)).

Selection rule this time is ++ → ++, −− → −− (++ → −− vanishes).

〈
J bα

nbβ
−n (HBF) aA†

−naB†
n J

〉
=

n2λ′

2J(1 + n2λ′)

{√
1 + n2λ′

[(
γab′

)αβ

−
(
γa′b

)αβ]

+ n
√

λ′
[(

γa′b′
)αβ

− (
γab

)αβ
+

(
δab − δa′b′

)
δαβ

]}
This mixes everything with everything in general. At O(λ′), it annihilates ++

or −− bifermions and also bosons built out of just one SO(4). These special

selection rules simplify the first-order analysis.



Two-Impurity Matrix Elements (Fermions)

Mustn’t forget the 128 spacetime fermions. They are mixed by matrix elements

of HBF taken between string states of the general form bα†
n aA†

−n |J〉. There are

two independent types of spacetime fermion mixing matrix elements:

〈
J bα

naA
−n (HBF) bβ†

n aB†
−n J

〉
= +

n2λ′

2J(1 + n2λ′)

{(
γab

)αβ

−
(
γa′b′

)αβ

−(3 + 4n2λ′)δabδαβ − (5 + 4n2λ′)δa′b′δαβ
}

〈
J bα

naA
−n (HBF) bβ†

−na
B†
n J

〉
=

n2λ′

2J
√

1 + n2λ′

{(
γab

)αβ −
(
γa′b′

)αβ

− nλ′1/2

√
1 + n2λ′

[(
γab′

)αβ

−
(
γa′b

)αβ]
− δαβ

(
δab − δa′b′

)}

Normal-Ordering Issues

We normal-ordered the Hamiltonian to obtain above results. Strictly speaking,

certain m.e.s contain normal-ordering ambiguity functions:〈
J aA

n aB
−n (HBB) aC†

−naD†
n J

〉
= NBB(n2λ′)

δADδBC

J
+ . . .〈

J bα
nbβ

−n (HFF) bγ†
−nb

δ†
n J

〉
= NFF(n2λ′)

δαδδβγ

J
+ . . .〈

J bα
naA

−n (HBF) bβ†
n aB†

−n J
〉

= NBF(n2λ′)
δABδαβ

J
+ . . .

NBF(n2λ′) = NBB(n2λ′) + NFF(n2λ′)

The normal-ordering constants affect the string spectrum. In order to maintain

the level spacing uniformity required by extended supersymmetry, we must set

NBB = NFF = NBF = 0. Exercise in using global symmetry to fix undetermined

finite renormalizations.









Synopsis of Results

HFF is closed on subspaces spanned by pair of (1, 2; 1, 2) (Π = +) or pair of

(2, 1; 2, 1) (Π = −) fermionic oscillators. Diagonalize by direct projection.

SO(4)AdS × SO(4)S5 ΛFF

(1, 1; 1, 1) −2

(1, 1; 3, 1) 0

(3, 1; 1, 1) −4

(3, 1; 3, 1) −2

SO(4)AdS × SO(4)S5 ΛFF

(1, 1; 1, 1) −2

(1, 1; 1, 3) 0

(1, 3; 1, 1) −4

(1, 3; 1, 3) −2

Table 2: Energy shifts of states created by ++ or −− fermions

Spacetime boson two-impurity states not annihilated by HBF: 64-dimensional

space spanned by pairs of bosonic creation operators from different SO(4)

subgroups and pairs of fermionic creation operators of opposite Π-parity.

SO(4)AdS × SO(4)S5 ΛBF

(2, 2; 2, 2) −4

(2, 2; 2, 2) × 2 −2

(2, 2; 2, 2) 0

Table 3: String eigenstates in the subspace for which HBF has non-zero matrix

elements

Level 0 2 4 6 8

Mult. 1 28 70 28 1

ΛBose −6 −4 −2 0 2

Level 1 3 5 7

Mult. 8 56 56 8

ΛFermi −5 −3 −1 1

Table 4: First-order energy shift summary: two-impurity string multiplet



Gauge Theory Comparisons

The one-loop formula for operator dimensions takes the generic form

∆R
n = 2 +

g2
Y MNc

R2
n2

(
1 +

Λ̄
R + O(R−2)

)

Gauge theory calculations of Λ̄ for two-impurity single-trace operators give

Operator SO(4)AdS × SO(4)S5 Λ̄

ΣA tr
(
φAZpφAZR−p

)
(1,1;1,1) −6

tr
(
φ(iZpφj)ZR−p

)
(1,1;3,3) −2

tr
(
φ[iZpφj]ZR−p

)
(1,1;3,1) + (1,1;1,3) −4

tr
(∇µZZp∇µZZR−2−p

)
(1,1;1,1) 2

tr
(∇(µZZp∇ν)ZZR−2−p

)
(3,3;1,1) −2

tr
(∇[µZZp∇ν]ZZR−2−p

)
(3,1;1,1) + (1,3;1,1) 0

Operator SO(4)AdS × SO(4)S5 Λ̄

tr
(
χ[αZpχβ]ZR−1−p

)
(1,1;1,1) −2

tr
(
χ(αZpχβ)ZR−1−p

)
(1,1;3,1) 0

tr
(
χ[σµ, σ̃ν ]ZpχZR−1−p

)
(3,1;1,1) −4

Operator SO(4)AdS × SO(4)S5 Λ̄

tr
(
φiZp∇µZZR−1−p

)
+ . . . (2,2;2,2) −4

tr
(
φiZp∇µZZR−1−p

)
(2,2;2,2) −2

tr
(
φiZp∇µZZR−1−p

)
+ . . . (2,2;2,2) 0

Level 0 1 2 3 4 5 6 7 8

Multiplicity 1 8 28 56 70 56 28 8 1

Λ̄ −6 −5 −4 −3 −2 −1 0 1 2

Table 5: Anomalous dimensions of two-impurity operators



Going To All Orders

String theory analysis is exact in λ′: important for comparison with

higher-order gauge theory operator dimensions. But diagonalization is harder:

general HBF mixes bosons in same SO(4) with bi-fermions of same Π-parity

(basis mixing). Simplify by projecting on specific irreps and diagonaliziing a

lower-dimension problem.

Ex: (1, 1; 1, 1) appears four times (L = 0, 4, 8) yielding 4 × 4 problem:

a†aa†a |J〉 a†a′
a†a′ |J〉 b̂†αb̂†α |J〉 b̃†αb̃†α |J〉

〈J | aaaa HBB HBB HBF HBF

〈J | aa′
aa′ HBB HBB HBF HBF

〈J | b̂αb̂α HBF HBF HFF HFF

〈J | b̃αb̃α HBF HBF HFF HFF

Table 6: Singlet projection at finite λ′

It is simple to project the general expressions for matrix elements of HBB, etc.,

onto singlet states and so obtain the matrix as an explicit function of λ′, n. The

matrix can be exactly diagonalized and yields the following energies:

E0(n, J) = 2
√

1 + λ′n2 − n2λ′

J

[
2 +

4√
1 + n2λ′

]
+ O(1/J2)

E4(n, J) = 2
√

1 + λ′n2 − 2n2λ′

J
+ O(1/J2)

E8(n, J) = 2
√

1 + λ′n2 − n2λ′

J

[
2 − 4√

1 + n2λ′

]
+ O(1/J2) .

The subscript L = 0, 4, 8 indicates the supermultiplet level to which the

eigenvalue connects in the weak coupling limit. The middle eigenvalue (L=4) is

doubly degenerate, as it was in the one-loop limit.



Going To All Orders

Antisymmetric bosonic and antisymmetric bi-fermionic states lie in

(1, 1; 3, 1) + (1, 1; 1, 3) or (3, 1; 1, 1) + (1, 3; 1, 1). This gives two 2 × 2

matrices that mix states at L = 2, 6. The 2 × 2 diagonalization is trivial to do

and give the same result for both:

E2(n, J) = 2
√

1 + λ′n2 − n2λ′

J

[
2 +

2√
1 + n2λ′

]
+ O(1/J2)

E6(n, J) = 2
√

1 + λ′n2 − n2λ′

J

[
2 − 2√

1 + n2λ′

]
+ O(1/J2)

Similar diagonalizations for the remaining irreps, but no new eigenvalues

Similar story for spacetime fermions at L = 1, 3, 5, 7 levels.

Entire two-impurity spectrum (to leading order in 1/J and all orders in λ′) can

be written concisely:

EL(n, J) = 2
√

1 + λ′n2 − n2λ′

J

[
2 +

(4 − L)√
1 + n2λ′

]
+ O(1/J2) ,

The degeneracies and irrep content are identical to one loop in λ′. This

expression can be rewritten, correct to order J−2, as follows:

EL(n, J) 	 2

√
1 +

λn2

(J − L/2)2
− n2λ

(J − L/2)3

[
2 +

4√
1 + λn2/(J − L/2)2

]
.

Joint dependence on J and L as needed for extended supersymmetry:

nontrivial functional check on the correctness of our quantization.

In order to make contact with gauge theory we expand EL(n, J) in λ′, obtaining

EL(n, J) ≈
[
2 + λ′n2 − 1

4
(λ′n2)2 +

1

8
(λ′n2)3 + . . .

]

+
1

J

[
n2λ′(L − 6) + (n2λ′)2

(
4 − L

2

)
+ (n2λ′)3

(
3L − 12

8

)
+ . . .

]
.




