
PITP 2011 Week 1 Problems - Group 19

I. MALDACENA 2

We wish to calculate the three-point function:

〈BD|φk1(η)φk2(η)φk3(η)|BD〉

= 〈BD|U−1
int (η,−∞(1− iε))φIk1

(η)φIk2
(η)φIk3

(η)Uint (η,−∞(1 + iε)) |BD〉

where the superscript I indicates a field in the interaction picture, and we have:

Uint(η, η0) ≡ T exp

(
−i
∫ η

η0

dη′

η′
Hint(η

′)

)

and the interaction Hamiltonian in the interaction picture is:

Hint(η
′) =

∫
d3x

η′3
λ

3!
(φI(x, η′))3

=
λ

3!

∫
d3x

η′3

∫
d3k′1

∫
d3k′2

∫
d3k′3 e

i(k′1+k′2+k′3)·xφIk′1(η
′)φIk′2(η

′)φIk′3(η
′)

Expanding to first order in λ, the three point function takes the form:

〈BD|φk1(η)φk2(η)φk3(η)|BD〉

=
λ

3!

∫
d3x

∫
d3k′1

∫
d3k′2

∫
d3k′3 e

i(k′1+k′2+k′3)·x

× 〈BD|

[
i

(
T̄

∫ η

−∞(1−iε)

dη′

η′4
φIk′1(η

′)φIk′2(η
′)φIk′3(η

′)

)
φIk1

(η)φIk2
(η)φIk3

(η)

− iφIk1
(η)φIk2

(η)φIk3
(η)

(
T

∫ η

−∞(1+iε)

dη′

η′4
φIk′1(η

′)φIk′2(η
′)φIk′3(η

′)

)]
|BD〉

Now we recall the form of the interaction picture two-point function from problem 1:

〈BD|φIk′(η′)φIk(η)|BD〉 =
1

2k3
δ3(k′ + k)(1− ikη′)(1 + ikη)eik(η′−η)
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Summing over each pairing of the fields and performing the integrals over x, k′1, k′2, and

k′3, gives:

〈BD|φk1(η)φk2(η)φk3(η)|BD〉

= (2π)3δ3(k1 + k2 + k3)iλ

[∫ η

−∞(1−iε)

dη′

η′4

∏
i

1

2k3
i

(1− ikiη′)(1 + ikiη)eiki(η
′−η)

−
∫ η

−∞(1+iε)

dη′

η′4

∏
i

1

2k3
i

(1 + ikiη
′)(1− ikiη)e−iki(η

′−η)

]

= −2(2π)3δ3(k1 + k2 + k3)λIm

[∫ η

−∞(1−iε)

dη′

η′4

∏
i

1

2k3
i

(1− ikiη′)(1 + ikiη)eiki(η
′−η)

]

= (2π)3δ3(k1 + k2 + k3)
2λ∏
i(2k

3
i )

Im

[
1

3η3
(i− k1η)(i− k2η)(i− k3η)

× i
[
1− i(k1 + k2 + k3)η + (k2

1 + k3
2 + k2

3 − k1k2 − k2k3 − k1k3)η2

+ e−i(k1+k2+k3)η(k3
1 + k3

2 + k3
3)η3Ei (i(k1 + k2 + k3)η)

]]

where Ei(x) is the exponential integral:

Ei(x) =

∫ x

−∞

et

t
dt

Notice that the choice of contour has killed the contribution from early times.

II. CREMINELLI 5

We take the action of the Goldstone boson to be of the form:

S =

∫
d4x
√
−g
[
−1

2
gµν∂µφ∂νφ−

1

2

φ2

f 2
a

gµν∂µφ∂νφ

]
Taking an FRW background and expanding around φ = 0, we find:

S =

∫
d4x a3(t)

[
1

2

(
φ̇2 − (∂iφ)2

a2(t)

)
+

1

2

φ2

f 2
a

(
φ̇2 − (∂iφ)2

a2(t)

)]

To estimate the deviation from non-Gaussianity, we examine:

L4

L2

=

1
2
φ2

f2a

(
φ̇2 − (∂iφ)2

a2(t)

)
1
2

(
φ̇2 − (∂iφ)2

a2(t)

) =
φ2

f 2
a
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During inflation, the Goldstone boson acquires fluctuations on the order of H
2π

, and so we

see that:
L4

L2

∼ H2

4π2f 2
a

If H & 4πfa, we have L4L2 & O(1), the interactions become important, and the fluctuations

are no longer well approximated as Gaussian.

III. CREMINELLI 8

We will model the reheating process by the decay of an oscillating scalar field into radi-

ation. The Friedmann equations can be expressed as:

3H2 = ρ

ρ̇ = −3H(ρ+ p)

where we have set mp = c = 1. An oscillating scalar field averaged over many cycles has the

same equation of state as that of non-relativistic matter, and so the relevant energy densities

evolve as:

ρ̇φ + 3Hρφ = −Γρφ

ρ̇r + 4Hρφ = Γρφ

The number of e-foldings from the onset of oscillations after inflation up to some surface

constant energy density is given by integrating the Hubble parameter

N(t∗, tc) =

∫ tc

t∗

H(t)dt

In modulated reheating, the decay rate Γ varies in space, and so we can view the number

of e-foldings at some point in space as a function of the decay rate. We can then relate the

curvature perturbation ζ to the change in the number of e-foldings as we perturb Γ.

ζ = δN =
∂N

∂Γ
δΓ +

1

2

∂2N

∂Γ2
δΓ2 + . . .

Taking as the definition of f local
NL the relation

ζ = ζg −
3

5
f local

NL ζ2
g
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FIG. 1. f local
NL as a function of Γ
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we find that we can compute f local
NL by the following formula:

f local
NL = −5

6

∂2N
∂Γ2(
∂N
∂Γ

)2

We can numerically solve these equations to find the result for f local
NL as a function of Γ

Hend
,

where Hend is the Hubble parameter at the end of inflation, and the result is shown in the

figure (the features in the plot are numerical artifacts).

IV. SUSSKIND 2

We wish to derive the metric of the static slicing of de Sitter space. We begin by describing

de Sitter space as a 4 dimensional hyperboloid embedded in 5 dimensional space.

−T 2 +X2
i = R2

The static slicing is obtained by the intersection of the hyperboloid with hyperplanes pivoted

on the origin of the original coordinate system. The angle of the slice will serve as the time

t which runs from −π/2 to π/2, and we will also need a radial coordinate r which runs from

0 to the horizon at R.

In figure 2, T runs up and down, perpendicular to the horizontal green plane the coordinate,

while X1 runs left to right, perpendicular to the pivot axis of the planes, and the remaining
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FIG. 2. Slicing of a hyperboloid to obtain the static slicing of de Sitter

Xi are the directions orthogonal to X1. We need to relate the original coordinates to our

new set of coordinates t, r, and yi. The coordinate r is measured perpendicular to the X1

and T directions, and the worldline corresponding to r = 0 is a hyperbola which runs up

along the right edge of figure. Points with nonzero r have a worldline corresponding to a

hyperbola with a greater eccentricity shifted into or out of the page as compared to the

r = 0 worldline. Putting things together, we find that the old coordinates are related to the

new by the following expressions:

T =
√
R2 − r2 sinh(t)

X1 =
√
R2 − r2 cosh(t)

Xi = ryi

It is then a simple matter to find the metric for the static slicing.

dT =
√
R2 − r2 cosh(t)dt− r√

R2 − r2
sinh(t)dr

dX1 =
√
R2 − r2 sinh(t)dt− r√

R2 − r2
cosh(t)dr

dXi = yidr + rdyi
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The metric in the new coordinates takes the form:

ds2 = −dT 2 + dX2
i

= −(R2 − r2)dt2 +
1

R2 − r2
dr2 + r2dΩ2

2

V. SILVERSTEIN 3

We begin with an action of the form:

S =

∫
d4x
√
−g

[
−φ

4

λ

√
1 +

λ

φ4
gµν∂µ∂ν − V (φ)

]

=

∫
d4x
√
−g
[
− 1

f(φ)

√
1 + f(φ)gµν∂µ∂ν − V (φ)

]
where we have defined f(φ) ≡ λ

φ4
to simplify our notation. In an unperturbed FRW universe

with φ(x, t) = φ(t) + δφ(x, t), the unperturbed action takes the form:

S0 =

∫
d4x a3

[
− 1

f(φ)

√
1− f(φ)φ̇2 − V (φ)

]
We can vary this action to find the equation of motion for φ.

δL0

δφ̇
=

a3φ̇√
1− fφ̇2

∂t
δL0

δφ̇
= a3

 φ̈√
1− fφ̇2

+
φ̇

2

(
1− fφ̇2

)3/2 (
f ′φ̇3 + 2fφ̇φ̈

)
+ 3H

φ̇√
1− fφ̇2


δL0

δφ
= a3

 f ′
f 2

√
1− f(φ)φ̇2 +

f ′

2f

φ̇2√
1− f(φ)φ̇2

− V ′


If we make the definition γ ≡ 1√
1−fφ̇2

, then the equation of motion for φ becomes:

a3

[
γφ̈+

1

2
γ3f ′φ̇4 + γ3fφ̇3φ̈+ 3Hγφ̇− 1

γ

f ′

f
− γ

2

f ′

f
φ̇2 + V ′

]
= 0

Using the relation

1 + γ2fφ̇2 = 1 +
fφ̇2

1− fφ̇2
=

1

1− fφ̇2
= γ2

we can simplify the equation of motion to obtain:

φ̈+
3

2

f ′

f
φ̇2 − f ′

f 2
+ 3Hγ−2φ̇+ γ−3V ′ = 0

φ̈− 6
φ̇2

φ
+

4φ3

λ
+ 3Hγ−2φ̇+ γ−3V ′ = 0
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Likewise, we can vary the action for the perturbations:

S2 =

∫
d4x a3

[ 1√
1− φ4

λ
φ̇2

+
φ4

λ
φ̇2(1− φ4

λ
φ̇2)−3/2

( ˙δφ
2 − a−2(∂iδφ)2

)

+

−20
λ

φ6

√
1− φ4

λ
φ̇2 − 10φ̇2

φ2

√
1− φ4

λ
φ̇2

+
4φ2φ̇4

λ

(
1− λ

φ4
φ̇2

)−3/2

− V ′′
 δφ2

]
to find the equation of motion for the perturbations

1

1− λ
φ4
φ̇2
δ̈φ+

3H

1− λ
φ4
φ̇2

˙δφ

(
−4λ

φ3
φ̇3 +

λ

φ4
φ̇φ̈

)(
1− λ

φ4
φ̇2

)−2

˙δφ

−

−20
λ

φ6

√
1− φ4

λ
φ̇2 − 10φ̇2

φ2

√
1− φ4

λ
φ̇2

+
4φ2φ̇4

λ

(
1− λ

φ4
φ̇2

)−3/2

− V ′′
 δφ2

− 1

1− λ
φ4
φ̇2

(
∂iδφ

a

)2

= 0

Now we can look for inflationary solutions. First, we find the energy density and pressure:

ρ =
φ̇2√

1− fφ̇2

+
1

f

√
1− fφ̇2 + V =

γ

f
+ V

p = − 1

f

√
1− fφ̇2 − V = − 1

γf
− V = −ρ+ γφ̇2

Accelerated expansion occurs when ä
a
> 0, or equivalently when w ≡ p

ρ
< −1

3
. In this case

we have:

w =
p

ρ
= −1 +

γφ̇
γ
f

+ V
= −1 +

fφ̇2

1 + fV
γ

We can see from the form of the equation of motion that if φ begins from rest on a steep

potential, it will quickly accelerate for a while, until φ̇ approaches the speed limit
√

1
f

=
√
λ

φ2
.

As φ speeds up, γ increases from 1 to a large number, at which point the last two terms in

the equation of motion can be ignored. Near the speed limit, we can see from the form of w

that there will be inflation as long as fV
γ
� 1.
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